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p0(a) ∧ (∀i ∀x pi(x)⇒ ps(i)(f(x))) ∧ ∀x ¬pn(x)
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str✉❝t❡❞ ♦♥ t❤❡ s✐❣♥❛t✉r❡ {0, s}✱ ✐✳❡✳ ❛s ❛♥ ❡❧❡♠❡♥t ♦❢ N✳ ■♥❞❡❡❞✱ ❢♦r ❛♥② m ∈ N✱
t❤❡ ❢♦r♠✉❧❛ pm(f
m(a)) ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ✜rst t✇♦ ❝♦♥❥✉♥❝ts✱ ②✐❡❧❞✐♥❣ ❛
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♦r❞✐♥❛r② t❡r♠s✱ t❤❡♥ t❤❡ ❢♦r♠✉❧❛ ✐s ♦❜✈✐♦✉s❧② s❛t✐s✜❛❜❧❡✳ ■❢ t❤❡ ✈❛❧✉❡ ♦❢ n ✐s ✜①❡❞
✭✐✳❡✳ n = 1, 2, . . .✮ t❤❡♥ ❛♥② ✜rst✲♦r❞❡r ♣r♦✈❡r ❝❛♥ ❡❛s✐❧② ❡st❛❜❧✐s❤ t❤❡ ✉♥s❛t✐s✜❛✲
❜✐❧✐t② ♦❢ t❤❡ ❢♦r♠✉❧❛✳ ❍♦✇❡✈❡r✱ ♣r♦✈✐♥❣ t❤❛t ✐t ✐s ✉♥s❛t✐s✜❛❜❧❡ ❢♦r ❡✈❡r② n ∈ N
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❧❛②❡rs ❬✶✹❪✮✱ ❢♦r t❤❡ ♠♦❞❡❧❧✐♥❣ ♦❢ ❞②♥❛♠✐❝ s②st❡♠s ✭✇❤❡r❡ t❤❡ ✐♥❞✐❝❡s ❡♥❝♦❞❡ t❤❡
t✐♠❡✿ pi(t) ❤♦❧❞s ✐✛ p(t) ✐s tr✉❡ ❛t ✐♥st❛♥t i✮✱ ♦r ❢♦r t❤❡ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ ✐♥❞✉❝t✐✈❡
♣r♦♦❢s ✐♥ ♠❛t❤❡♠❛t✐❝s ✭t❤❡ ✐♥❞❡① t❤❡♥ r❡♣r❡s❡♥ts t❤❡ ✐♥❞✉❝t✐♦♥ ♣❛r❛♠❡t❡r✱ s❡❡
⋆ ❚❤✐s ✇♦r❦ ❤❛s ❜❡❡♥ ♣❛rt❧② ❢✉♥❞❡❞ ❜② t❤❡ ♣r♦❥❡❝t ❆❙❆P ♦❢ t❤❡ ❋r❡♥❝❤ ❆❣❡♥❝❡ ◆❛✲
t✐♦♥❛❧❡ ❞❡ ❧❛ ❘❡❝❤❡r❝❤❡ ✭❆◆❘✲✵✾✲❇▲❆◆✲✵✹✵✼✲✵✶✮✳
❬✺❪ ❢♦r ❛♥ ❡①❛♠♣❧❡ ♦❢ ✉s❡ ♦❢ t❤✐s t❡❝❤♥✐q✉❡✮✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❞❡✈✐s❡ ❛ ♣r♦♦❢
♣r♦❝❡❞✉r❡ ❢♦r t❡st✐♥❣ t❤❡ s❛t✐s✜❛❜✐❧✐t② ♦❢ s✉❝❤ ❢♦r♠✉❧æ✳ ❚❤❡ ♣r♦♣♦s❡❞ ✐♥❢❡r❡♥❝❡
s②st❡♠ ✉s❡s t❤❡ ✉s✉❛❧ r✉❧❡s ♦❢ t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ❝❛❧❝✉❧✉s ✭✇✐t❤ ❛ s♣❡❝✐✜❝ ❢♦r♠❛❧✲
✐s♠ ✐♥ ✇❤✐❝❤ ♣❛r❛♠❡t❡rs ❛r❡ ❛❜str❛❝t❡❞ ❛✇❛② ❢r♦♠ t❤❡ ❝❧❛✉s❡s✮✱ t♦❣❡t❤❡r ✇✐t❤ ❛
♥❡✇ r✉❧❡ ✇❤✐❝❤ ❡♥❝♦❞❡s ❛ ❢♦r♠ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ✐♥❞✉❝t✐♦♥✳ ❉✉❡ t♦ ✇❡❧❧✲❦♥♦✇♥
t❤❡♦r❡t✐❝❛❧ ❧✐♠✐t❛t✐♦♥s✱ t❤❡ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠ ✐s ♥♦t s❡♠✐✲❞❡❝✐❞❛❜❧❡ ✐♥ ❣❡♥❡r❛❧
✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✮✱ ❜✉t ✇❡ ❞❡✈✐s❡ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❝r✐t❡r✐❛ t❤❛t ❡♥s✉r❡ ❝♦♠✲
♣❧❡t❡♥❡ss ♦r t❡r♠✐♥❛t✐♦♥✳ ❚❤❡ ✐♥❞✐❝❡s ❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② ♥❛t✉r❛❧ ♥✉♠❜❡rs✿ t❤❡②
❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛♥② ❣r♦✉♥❞ t❡r♠ ♦♥ ❛ ❣✐✈❡♥ s✐❣♥❛t✉r❡✱ ♣r♦✈✐❞❡❞ ❛❧❧ t❤❡
✭♥♦♥✲❝♦♥st❛♥t✮ s②♠❜♦❧s ❛r❡ ♠♦♥❛❞✐❝ ✭✐✳❡✳ t❤❡ ✐♥❞✐❝❡s ❛r❡ ✐♥t❡r♣r❡t❡❞ ❛s ✇♦r❞s✮✳
❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷ ✇❡ ❞❡✜♥❡ t❤❡
s②♥t❛① ❛♥❞ s❡♠❛♥t✐❝s ♦❢ ❝❧❛✉s❛❧ ❧♦❣✐❝ ✇✐t❤ ✐♥❞✐❝❡s✳ ■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ❛❞❛♣t t❤❡
✉s✉❛❧ s✉♣❡r♣♦s✐t✐♦♥ ❝❛❧❝✉❧✉s✳ ■♥ ❙❡❝t✐♦♥ ✹ ✇❡ ❞❡✜♥❡ ❛ ❧♦♦♣ ❞❡t❡❝t✐♦♥ r✉❧❡ t❤❛t
str✐❝t❧② ✐♥❝r❡❛s❡s t❤❡ ♣♦✇❡r ♦❢ t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ❝❛❧❝✉❧✉s ❛♥❞ ✇❡ s❤♦✇ ❡①❛♠♣❧❡s
♦❢ ❛♣♣❧✐❝❛t✐♦♥✳ ■♥ ❙❡❝t✐♦♥ ✺ ❛♥❞ ✻✱ s♦♠❡ ❛❜str❛❝t ❝♦♥❞✐t✐♦♥s ❡♥s✉r✐♥❣ r❡❢✉t❛t✐♦♥❛❧
❝♦♠♣❧❡t❡♥❡ss ❛♥❞✴♦r t❡r♠✐♥❛t✐♦♥ ❛r❡ ❞❡✈✐s❡❞✳ ■♥ ❙❡❝t✐♦♥ ✼ ✇❡ ♣r♦✈✐❞❡ ❛♥ ❡①❛♠♣❧❡
♦❢ ❛ s②♥t❛❝t✐❝ ❝❧❛ss ♦❢ ❝❧❛✉s❡ s❡ts ❢✉❧✜❧❧✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❝♦♥❞✐t✐♦♥s ❛♥❞ ❙❡❝t✐♦♥ ✽
❝♦♥❝❧✉❞❡s t❤❡ ♣❛♣❡r✳ ❉✉❡ t♦ s♣❛❝❡ r❡str✐❝t✐♦♥s✱ s♦♠❡ ♣r♦♦❢s ❛r❡ ♦♠✐tt❡❞✳ ▼✐ss✐♥❣
♣r♦♦❢s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✽❪✳
❘❡❧❛t❡❞ ✇♦r❦
❖✉r ❛♣♣r♦❛❝❤ ✐s str♦♥❣❧② r❡❧❛t❡❞ t♦ t❤❡ ✏s✉♣❡r♣♦s✐t✐♦♥ ❝❛❧❝✉❧✉s ❢♦r ✜①❡❞ ❞♦♠❛✐♥✑
♣r♦❝❡❞✉r❡ ❞❡✜♥❡❞ ✐♥ ❬✶✻❪✳ ❆❝t✉❛❧❧②✱ t❤❡ ✏s✉♣❡r♣♦s✐t✐♦♥ ♣❛rt✑ ♦❢ ♦✉r ❝❛❧❝✉❧✉s ✐s
❡ss❡♥t✐❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❛t ✐♥ ❬✶✻❪ ❛♥❞ ❛❧s♦ t♦ t❤❛t ✐♥ ❬✼❪✱ ✇❤✐❝❤ ✐s ❞❡s✐❣♥❡❞ t♦
❤❛♥❞❧❡ ✏❤②❜r✐❞✑ r❡❛s♦♥✐♥❣✱ ✐✳❡✳ r❡❛s♦♥✐♥❣ ❝♦♠❜✐♥✐♥❣ t❤❡ ✉s❡ ♦❢ ❛ t❤❡♦r②✲s♣❡❝✐✜❝
♣r♦❝❡❞✉r❡ ✇✐t❤ t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ❝❛❧❝✉❧✉s ❢♦r ❤❛♥❞❧✐♥❣ t❤❡ ❣❡♥❡r✐❝ ♣❛rt ♦❢ t❤❡
♣r♦♦❢✳ ❍♦✇❡✈❡r✱ ✐♥ ♦✉r ❛♣♣r♦❛❝❤ t❤❡ ✉s❡ ♦❢ t❤❡ ✜①❡❞ ❞♦♠❛✐♥ t❡r♠s ✐s ♠♦r❡ r❡✲
str✐❝t❡❞✿ t❤❡② ♦♥❧② ❛♣♣❡❛r ❛s ❞✐st✐♥❣✉✐s❤❡❞ ❛r❣✉♠❡♥ts ✐♥ t❤❡ t❡r♠s ❛♥❞ ♥♦t ❛s
♦r❞✐♥❛r② ❛r❣✉♠❡♥ts✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r ❢♦r♠✉❧æ ✇✐t❤ ❛ ✉♥✐q✉❡ ♣❛✲
r❛♠❡t❡r✳ ❚❤✐s ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ ✐♥❞✐❝❡s ❛♥❞ ♦r❞✐♥❛r② t❡r♠s r❡❞✉❝❡s t❤❡ s❝♦♣❡
♦❢ t❤❡ ♠❡t❤♦❞ ❜✉t ♣❡r♠✐ts t♦ ♦❜t❛✐♥ ♠✉❝❤ str♦♥❣❡r ❝♦♠♣❧❡t❡♥❡ss ❛♥❞ ❞❡❝✐❞✲
❛❜✐❧✐t② r❡s✉❧ts✳ ❚❤❡ ♣r♦♦❢ ♣r♦❝❡❞✉r❡ ✐♥ ❬✶✻❪ ✐s ♥♦t ❝♦♠♣❧❡t❡ ✐♥ ❣❡♥❡r❛❧✱ s✐♥❝❡✱
❢♦r r❡❢✉t✐♥❣ t❤❡ ❝♦♥s✐❞❡r❡❞ ❢♦r♠✉❧❛✱ ❛♥ ✐♥✜♥✐t❡ s❡t ♦❢ ❡♠♣t② ❝♦♥str❛✐♥❡❞ ❝❧❛✉s❡s
♠✉st ❜❡ ❣❡♥❡r❛t❡❞ ✐♥ s♦♠❡ ❝❛s❡s✳ ❙♦♠❡ ❝♦♠♣❧❡t❡♥❡ss ❛♥❞ ❞❡❝✐❞❛❜✐❧✐t② r❡s✉❧ts ❛r❡
♣r❡s❡♥t❡❞ ✐♥ ❬✶✺❪✱ ❤♦✇❡✈❡r t❤❡② ❛r❡ ❜❛s❡❞ ♦♥ ♠❛♥② ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥s ✇❤✐❝❤
❞♦ ♥♦t ❤♦❧❞ ✐♥ ♦✉r ❝❛s❡✿ ❛❧❧ t❤❡ ❝❧❛✉s❡s ♠✉st ❜❡ ❍♦r♥✱ ❛❧❧ t❤❡ s②♠❜♦❧s ♠✉st
❜❡ ♠♦♥❛❞✐❝ ❡t❝✳ ❚❤❡ ❧♦♦♣ ❞❡t❡❝t✐♦♥ r✉❧❡ ♣r♦♣♦s❡❞ ✐♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r ✐s ❛❧s♦
✈❡r② ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ✐♥❞✉❝t✐✈❡ r✉❧❡s ❞❡✜♥❡❞ ✐♥ ❬✶✻❪ ❛♥❞ ❬✶✺❪✳ ❚❤❡r❡❢♦r❡✱ t❤❡
t✇♦ ❛♣♣r♦❛❝❤❡s ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❝♦♠♣❧❡♠❡♥t❛r② ✭❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ❝♦♠♣❛r✐s♦♥
✐s ♣r♦✈✐❞❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✮✳ ❖✉r ✇♦r❦ ✐s ❛❧s♦ str♦♥❣❧② r❡❧❛t❡❞ t♦ ✐♥❞✉❝t✐✈❡ t❤❡♦r❡♠
♣r♦✈✐♥❣✳ ❊①♣❧✐❝✐t ✐♥❞✉❝t✐♦♥ ❛♣♣r♦❛❝❤❡s ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶✵❪ ♦r ❬✽❪✮ ❛r❡ ♦❢t❡♥
✉s❡❞ ❜② ♣r♦♦❢ ❛ss✐st❛♥ts✱ ❛♥❞ ♣♦✇❡r❢✉❧ ❤❡✉r✐st✐❝s ❛r❡ ❡♠♣❧♦②❡❞ t♦ ❞❡r✐✈❡ ❛✉t♦✲
♠❛t✐❝❛❧❧② t❤❡ ❛♣♣r♦♣r✐❛t❡ ✐♥❞✉❝t✐♦♥ s❝❤❡♠❡s ❬✶✶❪✳ ■♠♣❧✐❝✐t ✐♥❞✉❝t✐♦♥ s❝❤❡♠❡s ❛r❡
✉s❡❞ ✐♥ r❡✇r✐t❡✲❜❛s❡❞ t❤❡♦r❡♠ ♣r♦✈❡rs ❬✾❪✱ ✇❤❡r❡❛s ✐♥❞✉❝t✐♦♥❧❡ss ✐♥❞✉❝t✐♦♥ ✭s❡❡
❢♦r ❡①❛♠♣❧❡ ❬✶✼✱ ✶✷❪✮ ✉s❡s ♣r♦♦❢ ❜② ❝♦♥s✐st❡♥❝② t♦ r❡❞✉❝❡ t❤❡ ✐♥❞✉❝t✐✈❡ ✈❛❧✐❞✐t② t♦
❛ ♠❡r❡ s❛t✐s✜❛❜✐❧✐t② ❝❤❡❝❦✳ ❱❡r② ❢❡✇ ❝♦♠♣❧❡t❡♥❡ss ♦r t❡r♠✐♥❛t✐♦♥ r❡s✉❧ts ❡①✐st ❢♦r
s✉❝❤ ♣r♦✈❡rs ❛♥❞ ♦✉r ❧❛♥❣✉❛❣❡ ❞♦❡s ♥♦t ❢❛❧❧ ✐♥ t❤❡ s❝♦♣❡ ♦❢ t❤❡ ❦♥♦✇♥ ❝♦♠♣❧❡t❡
❝❧❛ss❡s✳ ■♥ ❣❡♥❡r❛❧✱ ✐♥❞✉❝t✐✈❡ t❤❡♦r❡♠ ♣r♦✈✐♥❣ r❡q✉✐r❡s str♦♥❣ ❤✉♠❛♥ ❣✉✐❞❛♥❝❡✱
❡s♣❡❝✐❛❧❧② ❢♦r s♣❡❝✐❢②✐♥❣ t❤❡ ♥❡❡❞❡❞ ✐♥❞✉❝t✐✈❡ ❧❡♠♠❛t❛✳ ■♥ ❝♦♥tr❛st✱ ♦✉r ♣r♦❝❡✲
❞✉r❡✱ ❛❧t❤♦✉❣❤ ♠♦r❡ ❢♦❝✉s❡❞ ✐♥ t❤✐s s❝♦♣❡✱ ✐s ♣✉r❡❧② ❛✉t♦♠❛t✐❝✿ t❤❡ ❧♦♦♣ ❞❡t❡❝t✐♦♥
r✉❧❡ ❛❧❧♦✇s ♦♥❡ t♦ ❣❡♥❡r❛t❡ ❛✉t♦♠❛t✐❝❛❧❧② ✐♥❞✉❝t✐✈❡ ✐♥✈❛r✐❛♥ts✳ ❇♦t❤ t❤❡ ✐♠♣❧✐❝✐t
❛♥❞ t❤❡ ✐♥❞✉❝t✐♦♥❧❡ss ✐♥❞✉❝t✐♦♥ ❛♣♣r♦❛❝❤❡s ❤❛♥❞❧❡ ✉♥✐✈❡rs❛❧ ♣r♦♣❡rt✐❡s✿ t❤❡ ❝♦♥✲
s✐❞❡r❡❞ ❣♦❛❧s ❛r❡ ♦❢ t❤❡ ❢♦r♠ φ |=ind ∀xψ✱ ✇❤❡r❡ |=ind ❞❡♥♦t❡s t❤❡ ✐♥❞✉❝t✐✈❡
❧♦❣✐❝❛❧ ❝♦♥s❡q✉❡♥❝❡ r❡❧❛t✐♦♥✱ φ ✐s t❤❡ ❛①✐♦♠❛t✐③❛t✐♦♥ ❛♥❞ ψ ✐s ❛ q✉❛♥t✐✜❡r✲❢r❡❡
❢♦r♠✉❧❛ ✭✉s✉❛❧❧② ❛ ❝❧❛✉s❡✮✳ ❖✉r ✇♦r❦ ❞❡♣❛rts ❢r♦♠ t❤❡s❡ ❛♣♣r♦❛❝❤❡s ❜❡❝❛✉s❡
t❤❡ ❣♦❛❧s ✇❡ ❝♦♥s✐❞❡r ❛r❡ r❛t❤❡r ♦❢ t❤❡ ❢♦r♠ φ |= ∀nQ1x1 . . . Qnxnψ ✭✇❤❡r❡ n
❞❡♥♦t❡s t❤❡ ♣❛r❛♠❡t❡r✱ x1, . . . , xn ❛r❡ st❛♥❞❛r❞ ✈❛r✐❛❜❧❡s ❛♥❞ Q1, . . . , Qn ❛r❡
q✉❛♥t✐✜❡rs✮✳ ■♥❞❡❡❞ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ st❛♥❞❛r❞ ✜rst✲♦r❞❡r ✈❛r✐❛❜❧❡s ❝❛♥ ♣♦ss✐❜❧②
❞❡♣❡♥❞ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡r✳ ❖✉r ❝❛❧❝✉❧✉s ✐s ❛❧s♦ r❡❧❛t❡❞ t♦ t❤❡ ♣r♦♦❢
♣r♦❝❡❞✉r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❬✶❪ ✇❤✐❝❤ ❤❛♥❞❧❡s s❝❤❡♠❛t❛ ♦❢ ♣r♦♣♦s✐t✐♦♥❛❧ ❢♦r♠✉❧æ ✐♥✲
❞❡①❡❞ ❜② ✐♥t❡❣❡rs✳ ❚❤❡ s❝♦♣❡ ♦❢ t❤❡ ♣r❡s❡♥t ♣❛♣❡r ✐s ❤♦✇❡✈❡r ♠✉❝❤ ❧❛r❣❡r✱ ❜♦t❤
❢♦r t❤❡ ❜❛s❡ ❧❛♥❣✉❛❣❡ ✭✜rst✲♦r❞❡r ❧♦❣✐❝ ✐♥st❡❛❞ ♦❢ ♣r♦♣♦s✐t✐♦♥❛❧ ❧♦❣✐❝✮ ❛♥❞ ❢♦r
t❤❡ t②♣❡ ♦❢ t❤❡ ✐♥❞✐❝❡s ✭t❡r♠s ✕ ♦r ✇♦r❞s ✕ ✐♥st❡❛❞ ♦❢ ✐♥t❡❣❡rs✮✳ ❖✉r ❝❛❧❝✉❧✉s
✐s ❛❧s♦ str✐❝t❧② ♠♦r❡ ♣♦✇❡r❢✉❧ t❤❛♥ t❤❡ ♦♥❡ ♣r❡s❡♥t❡❞ ✐♥ ❬✸❪✱ ✇❤✐❝❤ ♦♥❧② ❤❛♥❞❧❡s
✜rst✲♦r❞❡r ❝❧❛✉s❡s ✇✐t❤♦✉t ❡q✉❛❧✐t②✳ ❇❡s✐❞❡s✱ t❤❡ ❝♦♠♣❧❡t❡♥❡ss r❡s✉❧ts ✐♥ ❬✸❪ ♦♥❧②
❤♦❧❞ ❢♦r ♣✉r❡❧② ♣r♦♣♦s✐t✐♦♥❛❧ s❝❤❡♠❛t❛✳
✷ Pr❡❧✐♠✐♥❛r✐❡s
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡✜♥❡ t❤❡ s②♥t❛① ❛♥❞ s❡♠❛♥t✐❝s ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ❧♦❣✐❝✳ ❲❡
❛ss✉♠❡ t❤❡ r❡❛❞❡r ✐s ❢❛♠✐❧✐❛r ✇✐t❤ t❤❡ ✉s✉❛❧ ♥♦t✐♦♥s ✐♥ ❧♦❣✐❝ ❛♥❞ ❛✉t♦♠❛t❡❞
❞❡❞✉❝t✐♦♥ ❬✷✷❪✳ ❲❡ ❝♦♥s✐❞❡r ✜rst✲♦r❞❡r t❡r♠s✱ ❜✉✐❧t ❛s ✉s✉❛❧ ♦♥ ❛ s♦rt❡❞ s✐❣♥❛t✉r❡
Σ ❛♥❞ ♦♥ ❛ s❡t ♦❢ ✈❛r✐❛❜❧❡s X✱ ✐♥ ✇❤✐❝❤ s♦♠❡ ♦❢ t❤❡ ✭❢✉♥❝t✐♦♥ ♦r ❝♦♥st❛♥t✮
s②♠❜♦❧s ❛r❡ ✐♥❞❡①❡❞ ❜② t❡r♠s ♦❢ s♦♠❡ s♣❡❝✐❛❧ s♦rts✳ ❚❤❡ s♦rts ❛r❡ ✉s❡❞ ♠❛✐♥❧②
t♦ ❞✐st✐♥❣✉✐s❤ t❤❡ ✐♥❞✐❝❡s ❢r♦♠ t❤❡ ♦r❞✐♥❛r② t❡r♠s✳ ❚❤❡ s❡t ♦❢ s♦rt s②♠❜♦❧s ✐s
t❤✉s ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ t✇♦ ❞✐s❥♦✐♥t s❡ts SI ❛♥❞ ST ✱ ✇❤❡r❡ SI ❞❡♥♦t❡s t❤❡ s♦rts ♦❢
t❤❡ ✐♥❞✐❝❡s ❛♥❞ ST t❤❡ s♦rts ♦❢ t❤❡ ♦r❞✐♥❛r② t❡r♠s✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣r♦✜❧❡
♦❢ ❡✈❡r② ♥♦♥✲❝♦♥st❛♥t s②♠❜♦❧ f ✐s ❡✐t❤❡r ♦❢ t❤❡ ❢♦r♠ s1 × . . . × sn → s✱ ✇❤❡r❡
s2, . . . , sn, s ∈ ST ✱ ❛♥❞ s1 ∈ SI ∪ST ♦r ♦❢ t❤❡ ❢♦r♠ s→ s
′✱ ✇❤❡r❡ s, s′ ∈ SI ✱ ✐✳❡✳
❛❧❧ ❢✉♥❝t✐♦♥ s②♠❜♦❧s ♦❢ ❛ s♦rt ✐♥ ST ❤❛✈❡ ❛t ♠♦st ♦♥❡ ❛r❣✉♠❡♥t ♦❢ ❛ t②♣❡ ✐♥ SI
❛♥❞ ❛❧❧ ✭♥♦♥✲❝♦♥st❛♥t✮ ❢✉♥❝t✐♦♥ s②♠❜♦❧s ♦❢ ❛ s♦rt ✐♥ SI ❛r❡ ♠♦♥❛❞✐❝ ❛♥❞ ❤❛✈❡ ❛
❞♦♠❛✐♥ ✐♥ SI ✳ ❆ ♣r❡❞✐❝❛t❡ s②♠❜♦❧ ✐s ❛ ❢✉♥❝t✐♦♥ s②♠❜♦❧ ♦❢ ♣r♦✜❧❡ s → bool✳ ❆
✈❛r✐❛❜❧❡ ♦❢ ❛ s♦rt ✐♥ SI ✐s ❛♥ ✐♥❞❡① ✈❛r✐❛❜❧❡✳
❋♦r r❡❛❞❛❜✐❧✐t②✱ ❛ t❡r♠ ♦❢ ❤❡❛❞ s②♠❜♦❧ f : s1, . . . , sn → s s✉❝❤ t❤❛t s1 ∈ SI
❛♥❞ s2, . . . , sn ∈ ST ❛♥❞ ♦❢ ❛r❣✉♠❡♥ts i, t1, . . . , tn ✇✐❧❧ ❜❡ ✇r✐tt❡♥ fi(t1, . . . , tn) ✭i
✐s ❝❛❧❧❡❞ ❛♥ ✐♥❞❡① t❡r♠✮✳ ❚❤❡ ♦t❤❡r t❡r♠s ❛r❡ ✇r✐tt❡♥ ❛s ✉s✉❛❧✳ ❚❤✐s ❝♦♥✈❡♥t✐♦♥
❛❧❧♦✇s ♦♥❡ t♦ ❝❧❡❛r❧② ❞✐st✐♥❣✉✐s❤ t❤❡ ✐♥❞✉❝t✐♦♥ t❡r♠s ❢r♦♠ t❤❡ st❛♥❞❛r❞ ♦♥❡s✳ ■❢
t ✐s ❛ t❡r♠ ❛♥❞ p ✐s ❛ ♣♦s✐t✐♦♥ ✭✐✳❡✳ ❛ ✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ ♥❛t✉r❛❧ ♥✉♠❜❡rs✮ t❤❡♥
t|p ❞❡♥♦t❡s t❤❡ s✉❜t❡r♠ ♦❢ t ❛t ♣♦s✐t✐♦♥ p ✭❞❡✜♥❡❞ ❛s ✉s✉❛❧✮✳ ■❢ v ✐s ❛ t❡r♠ t❤❡♥
t[v]p ❞❡♥♦t❡s t❤❡ t❡r♠ ♦❜t❛✐♥❡❞ ❢r♦♠ t ❜② r❡♣❧❛❝✐♥❣ t❤❡ s✉❜t❡r♠ ❛t ♣♦s✐t✐♦♥ p
❜② v✳
❆♥ ❛t♦♠ ✐s ♦❢ t❤❡ ❢♦r♠ t1 ≃ t2✱ ✇❤❡r❡ t1, t2 ❛r❡ t❡r♠s ♦❢ t❤❡ s❛♠❡ s♦rt ✐♥
ST ✭❡q✉❛t✐♦♥s ❜❡t✇❡❡♥ ✐♥❞❡① t❡r♠s ❛r❡ ❢♦r❜✐❞❞❡♥✮✳ ❆ ❧✐t❡r❛❧ ✐s ❡✐t❤❡r ❛♥ ❛t♦♠
✭♣♦s✐t✐✈❡ ❧✐t❡r❛❧✮ ♦r t❤❡ ♥❡❣❛t✐♦♥ ♦❢ ❛♥ ❛t♦♠ ✭♥❡❣❛t✐✈❡ ❧✐t❡r❛❧✮✳ ❆ ❝❧❛✉s❡ ✐s ❛ ✜♥✐t❡
♠✉❧t✐s❡t ♦❢ ❧✐t❡r❛❧s ✭✇r✐tt❡♥ ❛s ❛ ❞✐s❥✉♥❝t✐♦♥✮ ❛♥❞ 2 ❞❡♥♦t❡s t❤❡ ❡♠♣t② ❝❧❛✉s❡✳ ▲❡t
α ❜❡ ❛ s♣❡❝✐❛❧ ❝♦♥st❛♥t s②♠❜♦❧ ✭♥♦t ♦❝❝✉rr✐♥❣ ✐♥ Σ✮ ♦❢ ❛ s♦rt ✐♥ SI ✳ ❚❤r♦✉❣❤♦✉t
t❤✐s ♣❛♣❡r✱ C ❞❡♥♦t❡s s♦♠❡ ♣❛rt✐❝✉❧❛r ❝❧❛ss ♦❢ ❝❧❛✉s❡s✳
❉❡✜♥✐t✐♦♥ ✶✳ ▲❡t α ❜❡ ❛ ❝♦♥st❛♥t s②♠❜♦❧ ♦❢ ❛ s♦rt ✐♥ SI ✳ ❆♥ α✲❝❧❛✉s❡ ✐s ❛♥
❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❢♦r♠ (α 6≈ i1)∨ . . .∨ (α 6≈ in)∨C ✭✇✐t❤ ♣♦ss✐❜❧② n = 0✮ ✇❤❡r❡✿
✕ C ✐s ❛ ❝❧❛✉s❡✳
✕ i1 . . . in ❛r❡ t❡r♠s ♦❢ t❤❡ s❛♠❡ s♦rt ❛s α✳
✕ ❊✐t❤❡r C ✐s ❡♠♣t②✱ ♦r ❛❧❧ t❤❡ ✈❛r✐❛❜❧❡s ✐♥ i1, . . . , in ♦❝❝✉r ✐♥ C✳
■❢✱ ♠♦r❡♦✈❡r✱ t❤❡ ❝❧❛✉s❡ C ❜❡❧♦♥❣s t♦ t❤❡ ❝❧❛ss ♦❢ ❝❧❛✉s❡s C✱ t❤❡♥ (α 6≈ i1)∨ . . .∨
(α 6≈ in) ∨ C ✐s ❛♥ (α,C)✲❝❧❛✉s❡✳ ❲❡ ❝❛❧❧ t❤❡ α✲❝❧❛✉s❡ ♥♦r♠❛❧✐③❡❞ ✐❢ n ∈ {0, 1}✳
❚❤❡ ❝♦♥st❛♥t α ✐s ❝❛❧❧❡❞ t❤❡ ♣❛r❛♠❡t❡r✳ ❚❤❡ ❝❧❛ss C ✐s ♠❛✐♥❧② ✉s❡❢✉❧ t♦ r❡str✐❝t
t❤❡ s②♥t❛❝t✐❝ ❢♦r♠ ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ❡①♣r❡ss✐♦♥s✳ ■t ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✜①❡❞ ♦♥❝❡
❛♥❞ ❢♦r ❛❧❧ ✐♥ t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r✳ ◆♦t✐❝❡ t❤❛t✱ t♦ ❛✈♦✐❞ ❝♦♥❢✉s✐♦♥✱ ✇❡ ✉s❡ t❤❡
s②♠❜♦❧ ≈ ✐♥st❡❛❞ ♦❢ ≃ t♦ ❞❡♥♦t❡ ❡q✉❛t✐♦♥s ❜❡t✇❡❡♥ ✐♥❞✐❝❡s ✭✐✳❡✳ ✐♥ ✇❤✐❝❤ α ✐s
✐♥✈♦❧✈❡❞✮✳ ◆♦t✐❝❡ ❛❧s♦ t❤❛t t❤❡ s②♠❜♦❧ α ❝❛♥♥♦t ♦❝❝✉r ✐♥ ❛ t❡r♠ ♦r ❧✐t❡r❛❧ ✭s✐♥❝❡
α 6∈ Σ✮✳ ❚❤❡r❡❢♦r❡✱ ❛ ♣r♦♣❡rt② s✉❝❤ ❛s aα ≃ b ❢♦r ✐♥st❛♥❝❡ ✐s t♦ ❜❡ ✇r✐tt❡♥ ❛s
α 6≈ x ∨ ax ≃ b✱ ✇❤❡r❡ x ✐s ❛ ✈❛r✐❛❜❧❡✳ ❚❤✐s ✐❞❡❛ ♦❢ ❛❜str❛❝t✐♥❣ ❛✇❛② t❡r♠s ❛♥❞
r❡♣❧❛❝✐♥❣ t❤❡♠ ❜② ✈❛r✐❛❜❧❡s ✐s ❝♦♠♠♦♥❧② ✉s❡❞ ✐♥ t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ❢r❛♠❡✇♦r❦
t♦ ❞❡❧❛② r❡❛s♦♥✐♥❣ ♦♥ s♦♠❡ ♣❛rt✐❝✉❧❛r t❡r♠s ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✼❪✮✳
❋♦r ❡✈❡r② ❡①♣r❡ss✐♦♥ ✭t❡r♠✱ ❛t♦♠✱ ❧✐t❡r❛❧ ♦r ❝❧❛✉s❡✮ e✱ ✈❛r(e) ❞❡♥♦t❡s t❤❡ s❡t
♦❢ ✈❛r✐❛❜❧❡s ♦❝❝✉rr✐♥❣ ✐♥ e✳ ■❢ ✈❛r(e) = ∅ t❤❡♥ e ✐s ❣r♦✉♥❞✳ ❆ s✉❜st✐t✉t✐♦♥ σ ✐s ❛
❢✉♥❝t✐♦♥ ♠❛♣♣✐♥❣ ❡✈❡r② ✈❛r✐❛❜❧❡ x t♦ ❛ t❡r♠ xσ ♦❢ t❤❡ s❛♠❡ s♦rt ❛s x✳ ❚❤❡ ❞♦♠❛✐♥
❞♦♠(σ) ♦❢ σ ✐s t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s x s✉❝❤ t❤❛t xσ 6= x✳ ❋♦r ❡✈❡r② ❡①♣r❡ss✐♦♥ e✱
eσ ❞❡♥♦t❡s t❤❡ ❡①♣r❡ss✐♦♥ ♦❜t❛✐♥❡❞ ❢r♦♠ e ❜② r❡♣❧❛❝✐♥❣ ❡✈❡r② ✈❛r✐❛❜❧❡ x ❜② xσ✳
❆ s✉❜st✐t✉t✐♦♥ σ ✐s ❣r♦✉♥❞ ✐✛ ❢♦r ❡✈❡r② x ∈ ❞♦♠(σ)✱ xσ ✐s ❣r♦✉♥❞✳ ❆ r❡♥❛♠✐♥❣ ✐s
❛♥ ✐♥❥❡❝t✐✈❡ s✉❜st✐t✉t✐♦♥ σ s✉❝❤ t❤❛t xσ ∈ X ❢♦r ❡✈❡r② x ∈ ❞♦♠(σ)✳ ❚❤❡ ♥♦t✐♦♥s
♦❢ ✉♥✐✜❡rs ❛♥❞ ♠♦st ❣❡♥❡r❛❧ ✉♥✐✜❡rs ✭♠❣✉✮ ❛r❡ ❞❡✜♥❡❞ ❛s ✉s✉❛❧✳ ■❢ t ❛♥❞ s ❛r❡
t✇♦ t❡r♠s✱ ✇❡ ✇r✐t❡ t  s ✐❢ s = tσ✱ ❢♦r s♦♠❡ s✉❜st✐t✉t✐♦♥ σ✳ ❲❡ ✇r✐t❡ t ≻ s ✐❢
t  s ❛♥❞ s 6 t✳ ❆ s❡t ♦❢ t❡r♠s T ♦❢ t❤❡ s❛♠❡ s♦rt s ✐s ❝♦✈❡r✐♥❣ ❢♦r ❛ t❡r♠ t ♦❢
s♦rt s ✐✛ ❢♦r ❡✈❡r② ❣r♦✉♥❞ s✉❜st✐t✉t✐♦♥ θ✱ t❤❡r❡ ❡①✐sts s ∈ T s✉❝❤ t❤❛t tθ  s✳ ■t
✐s ❝♦✈❡r✐♥❣ ✐❢ ✐t ✐s ❝♦✈❡r✐♥❣ ❢♦r ❛❧❧ t❡r♠s ♦❢ s♦rt s✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ t❡st✐♥❣ ✇❤❡t❤❡r
❛ ❣✐✈❡♥ s❡t ♦❢ t❡r♠s ✐s ❝♦✈❡r✐♥❣ ♦r ♥♦t ❢♦r ❛ t❡r♠ t ✐s ❞❡❝✐❞❛❜❧❡ ❬✶✸❪✳
❉❡✜♥✐t✐♦♥ ✷✳ ❆♥ ✐♥t❡r♣r❡t❛t✐♦♥ I ✐s ❛ ♣❛✐r (=I , I(α)) ✇❤❡r❡ =I ✐s ❛ ❝♦♥❣r✉✲
❡♥❝❡ ♦♥ t❤❡ ❣r♦✉♥❞ t❡r♠s ✇❤♦s❡ s♦rt ✐s ✐♥ ST ❛♥❞ I(α) ✐s ❛ ❣r♦✉♥❞ t❡r♠ ♦❢ t❤❡
s❛♠❡ s♦rt ❛s α✳ ❆♥ ✐♥t❡r♣r❡t❛t✐♦♥ I ✈❛❧✐❞❛t❡s✿
✕ ❆ ❣r♦✉♥❞ ❧✐t❡r❛❧ t1 ≃ t2 ✭r❡s♣✳ t1 6≃ t2✮ ✐✛ t1 =I t2 ✭r❡s♣✳ t1 6=I t2✮✳
✕ ❆ ❣r♦✉♥❞ ❝❧❛✉s❡ C ∈ C ✐✛ ✐t ✈❛❧✐❞❛t❡s ❛t ❧❡❛st ♦♥❡ ❧✐t❡r❛❧ ✐♥ C✳
✕ ❆ ❣r♦✉♥❞ (α,C)✲❝❧❛✉s❡ α 6≈ i1 · · · ∨ α 6≈ in ∨ C ✐✛ ❡✐t❤❡r I(α) 6= ij ❢♦r s♦♠❡
j ∈ [1, n] ♦r I ✈❛❧✐❞❛t❡s C✳
✕ ❆ ♥♦♥✲❣r♦✉♥❞ (α,C)✲❝❧❛✉s❡ C ✐✛ ❢♦r ❡✈❡r② ❣r♦✉♥❞ s✉❜st✐t✉t✐♦♥ σ ♦❢ ❞♦♠❛✐♥
✈❛r(C)✱ I ✈❛❧✐❞❛t❡s Cσ✳
✕ ❆ s❡t ♦❢ (α,C)✲❝❧❛✉s❡s S ✐✛ ✐t ✈❛❧✐❞❛t❡s ❡✈❡r② (α,C)✲❝❧❛✉s❡ ✐♥ S✳
❲❡ ✇r✐t❡ I |= S ✐❢ I ✈❛❧✐❞❛t❡s S ✭I ✐s ❛ ♠♦❞❡❧ ♦❢ S✮ ❛♥❞ S |= S′ ✐❢ ❡✈❡r② ♠♦❞❡❧
♦❢ S ✐s ❛ ♠♦❞❡❧ ♦❢ S′✳
❚❤❡ ❧♦❣✐❝ ✐s ♦❜✈✐♦✉s❧② ♥♦t ❞❡❝✐❞❛❜❧❡ s✐♥❝❡ ✐t ✐s ❝❧❡❛r t❤❛t ✐t ❡♥❝♦♠♣❛ss❡s
✜rst✲♦r❞❡r ❧♦❣✐❝✿ ✐❢ t❤❡ ❝❧❛✉s❡s ❝♦♥t❛✐♥ ♥♦ ♦❝❝✉rr❡♥❝❡s ♦❢ t❤❡ s♣❡❝✐❛❧ ❝♦♥st❛♥t
s②♠❜♦❧ α✱ t❤❡♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡r ✐s ✐rr❡❧❡✈❛♥t✱ ❛♥❞ ❛♥ ✐♥t❡r♣r❡t❛t✐♦♥
✐s s✐♠♣❧② ❛ ❝♦♥❣r✉❡♥❝❡ ♦♥ t❤❡ s❡t ♦❢ ❍❡r❜r❛♥❞ t❡r♠s✳ ■♥ t❤✐s ❝❛s❡ ♦✉r s❡♠❛♥t✐❝s
❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ✉s✉❛❧ ♦♥❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ st❛t❡s t❤❛t ✐t ✐s ♥♦t ❡✈❡♥
s❡♠✐✲❞❡❝✐❞❛❜❧❡✳
❚❤❡♦r❡♠ ✶✳ ❚❤❡ ✉♥s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠ ✐s ♥♦t s❡♠✐✲❞❡❝✐❞❛❜❧❡ ❢♦r (α,C)✲
❝❧❛✉s❡s✱ ✐❢ C ✐s t❤❡ ✇❤♦❧❡ ❝❧❛ss ♦❢ ✜rst✲♦r❞❡r ❝❧❛✉s❡s ✇✐t❤ ♦♥❡ ✐♥❞❡① ✈❛r✐❛❜❧❡✳
Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❜② r❡❞✉❝t✐♦♥ t♦ t❤❡ P♦st ❝♦rr❡s♣♦♥❞❡♥❝❡ ♣r♦❜❧❡♠✳ ▲❡t
u1, . . . , un ❛♥❞ v1, . . . , vn ❜❡ t✇♦ s❡q✉❡♥❝❡s ♦❢ ✇♦r❞s✳ ❲❡ ❝♦♥str✉❝t ❛ s❡t ♦❢ (α,C)✲
❝❧❛✉s❡s S s✉❝❤ t❤❛t S ✐s s❛t✐s✜❛❜❧❡ ✐✛ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞✐❝❡s i1, . . . , im
s✉❝❤ t❤❛t ui1 . . . . .uim = vi1 . . . . .vim ✳ ❲❡ ✉s❡ ❛ ❝♦♥st❛♥t s②♠❜♦❧ l ❡♥❝♦❞✐♥❣ t❤❡
s❡q✉❡♥❝❡ i1, . . . , im✱ ✇✐t❤ t✇♦ ❢✉♥❝t✐♦♥ s②♠❜♦❧s ❤❡❛❞ ❛♥❞ t❛✐❧ r❡t✉r♥✐♥❣ r❡s♣❡❝✲
t✐✈❡❧② t❤❡ ❤❡❛❞ ❛♥❞ t❤❡ t❛✐❧ ♦❢ ❛ ❧✐st✳ ❲♦r❞s ❛r❡ ❡♥❝♦❞❡❞ ❛s ✉s✉❛❧✱ ❛s ❧✐sts ♦❢
❝❤❛r❛❝t❡rs✳ ❚❤❡ ❝♦♥st❛♥t ǫ ❞❡♥♦t❡s t❤❡ ❡♠♣t② ✇♦r❞ ❛♥❞ ❝♦♥❝❛t ✐s ❛ ❢✉♥❝t✐♦♥
❝♦♥❝❛t❡♥❛t✐♥❣ t✇♦ ✇♦r❞s ✭✐ts ❞❡✜♥✐t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞ ❛♥❞ ✐s ♦♠✐tt❡❞✮✳ ■❢
x ∈ {u, v} ❛♥❞ y ❞❡♥♦t❡s ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞✐❝❡s i1, . . . , im✱ t❤❡♥ s♦❧(y, x) ❞❡♥♦t❡s
t❤❡ ✇♦r❞ xi1 . . . . .xim ✳ ❚❤❡ t❡r♠s ✇♦r❞(u, i) ❛♥❞ ✇♦r❞(v, i) ❞❡♥♦t❡ t❤❡ ✇♦r❞s ui
❛♥❞ vi r❡s♣❡❝t✐✈❡❧② ❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛①✐♦♠s✿
✕ ¬❡♠♣t②(x)∨❤❡❛❞(x) ≃ 1∨ . . .∨❤❡❛❞(x) ≃ n ✭✐❢ ❛ s❡q✉❡♥❝❡ ✐s ♥♦t ❡♠♣t② t❤❡♥
✐ts ❤❡❛❞ ✐s ✐♥ [1, n]✮
✕ ✇♦r❞(u, i) ≃ ui✱ ❢♦r ❡✈❡r② i ∈ [1, n] ✭❞❡✜♥✐t✐♦♥ ♦❢ u✮✳
✕ ✇♦r❞(v, i) ≃ vi✱ ❢♦r ❡✈❡r② i ∈ [1, n] ✭❞❡✜♥✐t✐♦♥ ♦❢ v✮✳
✕ ¬❡♠♣t②(y)∨s♦❧(y, x) ≃ ǫ✳ ■❢ t❤❡ s❡q✉❡♥❝❡ i1, . . . , im ✐s ❡♠♣t② t❤❡♥ t❤❡ s♦❧✉t✐♦♥
xi1 . . . . .xim ✐s ❛❧s♦ ❡♠♣t②✳
✕ ❡♠♣t②(y) ∨ s♦❧(y, x) ≃ ❝♦♥❝❛t(✇♦r❞(x, head(y)), s♦❧(t❛✐❧(y), x))✳ ❖t❤❡r✇✐s❡✱ ✐t
❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ t❤❡ ✇♦r❞ xi1 ❛♥❞ t❤❡ s♦❧✉t✐♦♥ ❝♦rr❡✲
s♣♦♥❞✐♥❣ t♦ t❤❡ s❡q✉❡♥❝❡ i2, . . . , im✳
✕ ✇♦r❞(u, l) ≃ ✇♦r❞(v, l)✳ ❚❤❡ t✇♦ s❡q✉❡♥❝❡s ❛r❡ ❡q✉❛❧✳
❲❡ ♥♦✇ ❞❡✜♥❡ ❛ ♣r❡❞✐❝❛t❡ ❧❡♥❣t❤i(l) t♦ ❡♥❝♦❞❡ t❤❡ ❢❛❝t t❤❛t l ❤❛s ❧❡♥❣t❤ i✳
✕ ❧❡♥❣t❤0(x) ∨ ¬❡♠♣t②(x)
✕ (¬❧❡♥❣t❤i+1(x) ∨ ¬❡♠♣t②(x)) ∧ (¬❧❡♥❣t❤0(x) ∨ ❡♠♣t②(x))
✕ (❧❡♥❣t❤i+1(x) ∨ ¬❧❡♥❣t❤i(t❛✐❧(x))) ∧ (¬❧❡♥❣t❤i+1(x) ∨ ❧❡♥❣t❤i(t❛✐❧(x)))
❋✐♥❛❧❧②✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛✉s❡s st❛t❡ t❤❛t t❤❡ ❝♦♥st❛♥t l ❞❡♥♦t❡s ❛ ✜♥✐t❡ ❧✐st ♦❢
❧❡♥❣t❤ α 6= 0 ✭♥♦t✐❝❡ t❤❛t t❤✐s ♣r♦♣❡rt② ✐s t❤❡ ♦♥❧② ♦♥❡ t❤❛t ❝❛♥♥♦t ❜❡ ❡①♣r❡ss❡❞
✐♥ ✜rst✲♦r❞❡r ❧♦❣✐❝✿ ♦t❤❡r✇✐s❡ l ❝♦✉❧❞ ❞❡♥♦t❡ ❛♥ ✐♥✜♥✐t❡ ♦r ❝②❝❧✐❝ ❧✐st✮✿ α 6≈ x ∨
❧❡♥❣t❤x(l) ∧ ¬❡♠♣t②(l)
■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t t❤❡ ♣r❡✈✐♦✉s s❡t ♦❢ ❝❧❛✉s❡s ✐s s❛t✐s✜❛❜❧❡ ✐✛
t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞✐❝❡s i1, . . . , im s❛t✐s❢②✐♥❣ t❤❡ ❞❡s✐r❡❞ ♣r♦♣❡rt②✳
Pr♦♣♦s✐t✐♦♥ ✶✳ ▲❡t D : α 6≈ i1∨. . .∨α 6≈ in∨C ❜❡ ❛♥ (α,C)✲❝❧❛✉s❡✱ ✇✐t❤ n ≥ 1✳
■❢ i1, . . . , in ❛r❡ ♥♦t ✉♥✐✜❛❜❧❡ t❤❡♥ D ✐s ❛ t❛✉t♦❧♦❣②✳ ❖t❤❡r✇✐s❡✱ D ✐s ❡q✉✐✈❛❧❡♥t
t♦ α 6≈ i1σ ∨ C ✇❤❡r❡ σ ✐s ❛♥ ♠❣✉ ♦❢ i1, . . . , in✳ ■♥ t❤✐s ❝❛s❡✱ α 6≈ i1σ ∨ C ✐s t❤❡
♥♦r♠❛❧✐③❡❞ ❢♦r♠ ♦❢ D✳
❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t ❡✈❡r② (α,C)✲❝❧❛✉s❡ ✐s ♥♦r♠❛❧✐③❡❞✳ ■♥❞❡❡❞✱ ❜②
Pr♦♣♦s✐t✐♦♥ ✶✱ ❛ ❝❧❛✉s❡ α 6≈ i1 ∨ . . . α 6≈ in ∨ C ❝❛♥ ❜❡ ❡✐t❤❡r ❞❡❧❡t❡❞ ♦r r❡✲
♣❧❛❝❡❞ ❜② ✐ts ♥♦r♠❛❧✐③❡❞ ❢♦r♠✳
❙✉♣❡r♣♦s✐t✐♦♥ ❝❛❧❝✉❧✉s✿
❙✉♣❡r♣♦s✐t✐♦♥ C ∨ t ≃ s,D ∨ u ≃ v → (C ∨D ∨ t[v]p ≃ s)σ
✐❢ σ = ♠❣✉(u, t|p)✱ uσ 6< vσ, tσ 6< sσ✱ t|p ✐s ♥♦t ❛ ✈❛r✐❛❜❧❡✱
(t ≃ s)σ ∈ s❡❧([C ∨ t ≃ s]σ)✱ (u ≃ v)σ ∈ s❡❧([D ∨ u ≃ v]σ)✳
P❛r❛♠♦❞✉❧❛t✐♦♥ C ∨ t 6≃ s,D ∨ u ≃ v → (C ∨D ∨ t[v]p 6≃ s)σ
✐❢ σ = ♠❣✉(u, t|p)✱ uσ 6< vσ, tσ 6< sσ✱ t|p ✐s ♥♦t ❛ ✈❛r✐❛❜❧❡✱
(t 6≃ s)σ ∈ s❡❧([C ∨ t 6≃ s]σ)✱ (u ≃ v)σ ∈ s❡❧([D ∨ u ≃ v]σ)✳
❘❡✢❡❝t✐♦♥ C ∨ t 6≃ s → Cσ
✐❢ σ = ♠❣✉(t, s)✱ (t 6≃ s)σ ∈ s❡❧([C ∨ t 6≃ s]σ)✳
❊q✳ ❋❛❝t♦r✐s❛t✐♦♥ C ∨ t ≃ s ∨ u ≃ v → (C ∨ s 6≃ v ∨ t ≃ s)σ
✐❢ σ = ♠❣✉(t, u)✱ tσ 6< sσ✱ uσ 6< vσ✱ (t ≃ s)σ ∈ s❡❧([C ∨ t ≃ s ∨ u ≃ v]σ)✳
❋✐❣✳ ✶✿ ❚❤❡ s✉♣❡r♣♦s✐t✐♦♥ ❝❛❧❝✉❧✉s
✸ ❆ ❙✉♣❡r♣♦s✐t✐♦♥ ❈❛❧❝✉❧✉s ❢♦r ■♥❞❡①❡❞ ❈❧❛✉s❡s
❖✉r ♣r♦♦❢ ♣r♦❝❡❞✉r❡ ✐s ❛ ❝♦♥s❡r✈❛t✐✈❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ❝❛❧❝✉❧✉s ❬✻✱
✷✵❪✳ ❆❧❧ t❤❡ r✉❧❡s ❛r❡ ❛♣♣❧✐❡❞ ✇✐t❤♦✉t ❛♥② ♠♦❞✐✜❝❛t✐♦♥✱ ❡①❝❡♣t t❤❛t ❞✐s❡q✉❛t✐♦♥s
❝♦♥t❛✐♥✐♥❣ α ❛r❡ s✐♠♣❧② ✐❣♥♦r❡❞ ✭♥♦ ✐♥❢❡r❡♥❝❡ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❢r♦♠ ♦r ✐♥t♦ s✉❝❤
❞✐s❡q✉❛t✐♦♥s✮✳
▲❡t < ❞❡♥♦t❡ ❛ s✐♠♣❧✐✜❝❛t✐♦♥ ♦r❞❡r✐♥❣ t❤❛t ✐s t♦t❛❧ ♦♥ ❣r♦✉♥❞ t❡r♠s ❬✷✵❪✳
❚❤❡ ♦r❞❡r✐♥❣ < ✐s ❡①t❡♥❞❡❞ t♦ ❛t♦♠s✱ ❧✐t❡r❛❧s ❛♥❞ ❝❧❛✉s❡s ✉s✐♥❣ t❤❡ ♠✉❧t✐s❡t
❡①t❡♥s✐♦♥ ❛♥❞ t♦ (α,C)✲❝❧❛✉s❡s s✐♠♣❧② ❜② ✐❣♥♦r✐♥❣ ❞✐s❡q✉❛t✐♦♥s ❝♦♥t❛✐♥✐♥❣ α✳ ❆
❧✐t❡r❛❧ L ✐s ♠❛①✐♠❛❧ ✐♥ ❛ ❝❧❛✉s❡ C ∈ C ✐❢ ❢♦r ❡✈❡r② L′ ∈ C✱ L 6< L′✳ ❲❡ ❝♦♥s✐❞❡r
❛ s❡❧❡❝t✐♦♥ ❢✉♥❝t✐♦♥ s❡❧ ✇❤✐❝❤ ♠❛♣s ❡✈❡r② ❝❧❛✉s❡ C t♦ ❛ s❡t ♦❢ s❡❧❡❝t❡❞ ❧✐t❡r❛❧s ✐♥
C✳ ❋♦r ❝♦♠♣❧❡t❡♥❡ss✱ ✇❡ ❛ss✉♠❡ t❤❛t ❢♦r ❡✈❡r② ❝❧❛✉s❡ C✱ s❡❧(C) ❝♦♥t❛✐♥s ❡✐t❤❡r
❛ ♥❡❣❛t✐✈❡ ❧✐t❡r❛❧ ♦r ❛❧❧ ♠❛①✐♠❛❧ ❧✐t❡r❛❧s✳ ❚❤✐s s❡❧❡❝t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❡①t❡♥❞❡❞
t♦ (α,C)✲❝❧❛✉s❡s ❛s ❢♦❧❧♦✇s✿ ❢♦r ❡✈❡r② (α,C)✲❝❧❛✉s❡ α 6≈ i1 ∨ . . . ∨ α 6≈ in ∨ C✱
s❡❧(α 6≈ i1 ∨ . . . ∨ α 6≈ in ∨ C)
❞❡❢
= s❡❧(C)✳
❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❛❧❝✉❧✉s ✭♣❛r❛♠❡t❡r✐③❡❞ ❜② < ❛♥❞ s❡❧✮ ♦❢ ❋✐❣✉r❡ ✶✳ ■❢ S ✐s ❛
s❡t ♦❢ (α,C)✲❝❧❛✉s❡s✱ ✇❡ ✇r✐t❡ S ⊢ C ✐❢ C ✐s ❛♥ (α,C✮✲❝❧❛✉s❡ ❛♥❞ ✐❢ t❤❡r❡ ❡①✐sts
❛ ♥♦♥✲t❛✉t♦❧♦❣✐❝❛❧ (α,C)✲❝❧❛✉s❡ C ′ t❤❛t ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ S ❜② ❛♣♣❧②✐♥❣ ♦♥❡
♦❢ t❤❡ r✉❧❡s ♦❢ ❋✐❣✉r❡ ✶ s✉❝❤ t❤❛t C ✐s t❤❡ ♥♦r♠❛❧✐③❡❞ ❢♦r♠ ♦❢ C ′✳
❲❡ ❛❧s♦ ❛❞❛♣t t❤❡ ✉s✉❛❧ r❡❞✉♥❞❛♥❝② ❝r✐t❡r✐❛✳ ❆ t❛✉t♦❧♦❣② ✐s ❛♥ (α,C)✲❝❧❛✉s❡
❝♦♥t❛✐♥✐♥❣ t✇♦ ❝♦♠♣❧❡♠❡♥t❛r② ❧✐t❡r❛❧s✱ ♦r ❛ ❧✐t❡r❛❧ ♦❢ t❤❡ ❢♦r♠ t ≃ t✱ ♦r ❛ ❞✐s✲
❥✉♥❝t✐♦♥
∨n
i=1 α 6≈ ti✱ ✇❤❡r❡ t1, . . . , tn ❛r❡ ♥♦t ✉♥✐✜❛❜❧❡✳ ❆♥ (α,C)✲❝❧❛✉s❡ C ✐s
s✉❜s✉♠❡❞ ❜② ❛♥ (α,C)✲❝❧❛✉s❡D ✐❢ t❤❡r❡ ❡①✐sts ❛ s✉❜st✐t✉t✐♦♥ σ s✉❝❤ t❤❛tDσ ⊆ C✳
❆ ❣r♦✉♥❞ (α,C)✲❝❧❛✉s❡ C ✐s r❡❞✉♥❞❛♥t ✐♥ S ✐❢ t❤❡r❡ ❡①✐sts ❛ s❡t ♦❢ (α,C)✲❝❧❛✉s❡s
S′ s✉❝❤ t❤❛t S′ |= C✱ ❛♥❞ ❢♦r ❡✈❡r② D ∈ S′✱ D ✐s ❛♥ ✐♥st❛♥❝❡ ♦❢ ❛♥ (α,C)✲❝❧❛✉s❡
✐♥ S s✉❝❤ t❤❛t D ≤ C✳ ❆ ♥♦♥ ❣r♦✉♥❞ (α,C)✲❝❧❛✉s❡ C ✐s r❡❞✉♥❞❛♥t ✐❢ ❛❧❧ ✐ts
✐♥st❛♥❝❡s ❛r❡ r❡❞✉♥❞❛♥t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❡✈❡r② s✉❜s✉♠❡❞ (α,C)✲❝❧❛✉s❡ ❛♥❞ ❡✈❡r②
t❛✉t♦❧♦❣✐❝❛❧ ❝❧❛✉s❡ ✐s r❡❞✉♥❞❛♥t✳ ❆ s❡t ♦❢ (α,C)✲❝❧❛✉s❡s S ✐s s❛t✉r❛t❡❞ ✐❢ ❡✈❡r②
(α,C)✲❝❧❛✉s❡ C s✉❝❤ t❤❛t S ⊢ C ✐s r❡❞✉♥❞❛♥t ✐♥ S✳
✹ ▲♦♦♣ ❉❡t❡❝t✐♦♥
❚❤❡ s✉♣❡r♣♦s✐t✐♦♥ ❝❛❧❝✉❧✉s ✐s ♥♦t ♣♦✇❡r❢✉❧ ❡♥♦✉❣❤ t♦ ❞❡r✐✈❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ❢r♦♠
✉♥s❛t✐s✜❛❜❧❡ s❡ts ♦❢ (α,C)✲❝❧❛✉s❡s✱ ❡✈❡♥ ✐♥ tr✐✈✐❛❧ ❝❛s❡s✱ ❜❡❝❛✉s❡ ✐t ❞♦❡s ♥♦t t❛❦❡
✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✐♥❞✉❝t✐✈❡ str✉❝t✉r❡ ♦❢ t❤❡ ❞♦♠❛✐♥ ♦❢ α✳ ❚❤✐s ✐s ✇❡❧❧ ✐❧❧✉str❛t❡❞
❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✳
❊①❛♠♣❧❡ ✶✳ ❚❤❡ ✜rst ❡①❛♠♣❧❡ ✐♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥ ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t
♦❢ (α,C)✲❝❧❛✉s❡s ✭✇❤❡r❡ pi(t) ❞❡♥♦t❡s ❛s ✉s✉❛❧ t❤❡ ❡q✉❛t✐♦♥ pi(t) ≃ tr✉❡✮✳
1. p0(a) 2. ¬px(y) ∨ ps(x)(f(y)) 3. α 6≈ x ∨ ¬px(y)
■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛✉s❡s ❝❛♥ ❜❡ ❣❡♥❡r❛t❡❞ ❜② s✉♣❡r♣♦s✐t✐♦♥✿
4. α 6≈ 0 ✭✸✱✶✮ 7. α 6≈ s(s(x)) ∨ ¬px(y) ✭✺✱✷✮
5. α 6≈ s(x) ∨ ¬px(y) ✭✸✱✷✮ 8. α 6≈ s(s(0)) ✭✼✱✶✮
6. α 6≈ s(0) ✭✺✱✶✮ ✳ ✳ ✳
■t ✐s ❝❧❡❛r t❤❛t ❛♥ ✐♥✜♥✐t❡ s❡t ♦❢ ❝❧❛✉s❡s ♦❢ t❤❡ ❢♦r♠ α 6≈ sn(0) ✭❢♦r n ∈ N✮ ❝❛♥
❜❡ ❣❡♥❡r❛t❡❞✳ ❙✐♥❝❡ α ♠✉st ❜❡ ✐♥t❡r♣r❡t❡❞ ❜② ❛ t❡r♠ ♦❢ t❤❡ ❢♦r♠ sn(0)✱ t❤❡ s❡t ✐s
✉♥s❛t✐s✜❛❜❧❡ ✭t❤❡ s❡t {sn(0) | n ∈ N} ✐s ❝♦✈❡r✐♥❣✮✳ ❍♦✇❡✈❡r✱ ♥♦ ❝♦♥tr❛❞✐❝t✐♦♥ ❝❛♥ ❜❡
❞❡r✐✈❡❞ ✐♥ ✜♥✐t❡ t✐♠❡✱ ✇❤✐❝❤ s❤♦✇s t❤❛t t❤❡ ❝❛❧❝✉❧✉s ✐s ♥♦t ❝♦♠♣❧❡t❡ ✭♥♦t❡ t❤❛t t❤❡
❧♦❣✐❝ ✐s ♥♦t ❝♦♠♣❛❝t✮✳
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ ❤♦✇ t♦ ♦✈❡r❝♦♠❡ t❤✐s ♣r♦❜❧❡♠ ✐♥ s♦♠❡ ❝❛s❡s ✭❜②
❚❤❡♦r❡♠ ✶ ♥♦ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ✐s ♣♦ss✐❜❧❡✮✳ ◆♦t✐❝❡ t❤❛t✱ ✐♥ s♦♠❡ ❝❛s❡s✱ t❤❡ ❝❛❧✲
❝✉❧✉s ❝❛♥ ❣❡♥❡r❛t❡ ❛ ✜♥✐t❡ s❡t ♦❢ ❞✐s❡q✉❛t✐♦♥s {α 6≈ t1, . . . , α 6≈ tn} s✉❝❤ t❤❛t
{t1, . . . , tn} ✐s ❝♦✈❡r✐♥❣✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ♦♥❡ ♠❛② ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❝❧❛✉s❡ s❡t ✐s
✉♥s❛t✐s✜❛❜❧❡ ✭♦❢ ❝♦✉rs❡ ✐t ♠❛② ❛❧s♦ ❞✐r❡❝t❧② ❣❡♥❡r❛t❡ 2✱ ✐❢ α ✐s ♥♦t ✐♥✈♦❧✈❡❞ ✐♥ t❤❡
♣r♦♦❢✮✳ ■♥ ♦r❞❡r t♦ ❤❛♥❞❧❡ t❤❡ ❝❛s❡s ✐♥ ✇❤✐❝❤ ♥♦ s✉❝❤ ✜♥✐t❡ s❡t ♦❢ ❞✐s❡q✉❛t✐♦♥s
❝❛♥ ❜❡ ❣❡♥❡r❛t❡❞✱ ✇❡ ❞❡✜♥❡ ❛ ❧♦♦♣ ❞❡t❡❝t✐♦♥ r✉❧❡✱ t❤❛t ❡♥❝♦❞❡s ❛ ❢♦r♠ ♦❢ ♠❛t❤❡✲
♠❛t✐❝❛❧ ✐♥❞✉❝t✐♦♥ ✭❜② ✏❞❡s❝❡♥t❡ ✐♥✜♥✐❡✑✮ ❛♥❞ t❤❛t ✐s ❛❜❧❡ t♦ ❞❡r✐✈❡ ❝❧❛✉s❡s ♦❢ t❤❡
❢♦r♠ α 6≈ t ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ ❞❡r✐✈❡❞ ❜② t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ❝❛❧❝✉❧✉s✳ ■♥t✉✐t✐✈❡❧②✱
t❤✐s r✉❧❡ ❛♣♣❧✐❡s ✇❤❡♥ ❛ ❝②❝❧❡ ✐s ❞❡t❡❝t❡❞ ✐♥ t❤❡ s❡❛r❝❤ s♣❛❝❡✱ ✐✳❡✳ ✇❤❡♥ S ❡♥t❛✐❧s
❛ s❡t ♦❢ (α,C)✲❝❧❛✉s❡s S′ ✇❤✐❝❤ ✐s ✐❞❡♥t✐❝❛❧ t♦ S ✉♣ t♦ ❛ s❤✐❢t ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡
♣❛r❛♠❡t❡r α✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ❢♦r♠❛❧✐③❡s t❤✐s ♥♦t✐♦♥✿
❉❡✜♥✐t✐♦♥ ✸✳ ❆ s❤✐❢t ❢♦r ❛ ✈❛r✐❛❜❧❡ x ✐s ❛ s✉❜st✐t✉t✐♦♥ ♦❢ t❤❡ ❢♦r♠ {x 7→ s}✱
✇❤❡r❡ s 6= x ❛♥❞ ✈❛r(s) = {x}✳ ▲❡t θ ❜❡ ❛ s❤✐❢t✱ C ❜❡ ❛ ♥♦r♠❛❧✐③❡❞ (α,C)✲❝❧❛✉s❡
❛♥❞ ❧❡t t ❜❡ ❛ t❡r♠ ✇✐t❤ ✈❛r(t) = {x}✳ ❚❤❡ (α,C)✲❝❧❛✉s❡ s❤✐❢t(C, t, θ) ✐s ❞❡✜♥❡❞
❛s ❢♦❧❧♦✇s✿
✕ ■❢ C ✐s ♦❢ t❤❡ ❢♦r♠ α 6≈ tσ ∨D✱ ❢♦r s♦♠❡ s✉❜st✐t✉t✐♦♥ σ ❛♥❞ ❢♦r s♦♠❡ ❝❧❛✉s❡
D ∈ C✱ t❤❡♥ s❤✐❢t(C, t, θ)
❞❡❢
=α 6≈ tθσ ∨D✳
✕ ❖t❤❡r✇✐s❡ s❤✐❢t(C, t, θ)
❞❡❢
=C✳
■❢ S ✐s ❛ s❡t ♦❢ (α,C)✲❝❧❛✉s❡s t❤❡♥ s❤✐❢t(S, t, θ)
❞❡❢
=
⋃
C∈S{s❤✐❢t(C, t, θ)}✳
❊①❛♠♣❧❡ ✷✳ ▲❡t C : α 6≈ f(g(x))∨hg(x)(y) ≃ y ❛♥❞ D : α 6≈ f(x)∨hx(y) ≃ a✳ ❲❡ ❤❛✈❡
s❤✐❢t(C, f(x), {x 7→ f ′(x)}) = α 6≈ f(f ′(g(x))) ∨ hg(x)(y) ≃ y✱ s❤✐❢t(C, f(g(x)), {x 7→
f ′(x)}) = α 6≈ f(g(f ′(x)))∨hg(x)(y) ≃ y ✱ s❤✐❢t(D, f(x), {x 7→ f
′(x)}) = α 6≈ f(f ′(x))∨
hx(y) ≃ a ❛♥❞ s❤✐❢t(D, f(g(x)), {x 7→ f
′(x)}) = D✳
❚❤❡ ❧♦♦♣ ❞❡t❡❝t✐♦♥ r✉❧❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳ ■♥t✉✐t✐✈❡❧②✱ ✐t
❛♣♣❧✐❡s ✇❤❡♥✱ ❢♦r ❛❧❧ ♣♦ss✐❜❧❡ ✐♥st❛♥❝❡s s ♦❢ s♦♠❡ t❡r♠ t✱ t❤❡ ❜r❛♥❝❤ ✐♥ t❤❡
s❡❛r❝❤ s♣❛❝❡ t❤❛t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❛s❡ α = s ✐s ❡✐t❤❡r ❝❧♦s❡❞ ✭✐✳❡✳ t❤❡ ❝❧❛✉s❡
s❡t ❝♦♥t❛✐♥s ❛ ❝❧❛✉s❡ ♦❢ t❤❡ ❢♦r♠ α 6≈ s′✱ ✇❤❡r❡ s′  s✮ ♦r ❝❛♥ ❜❡ r❡❞✉❝❡❞ ✭❜②
s❤✐❢t✐♥❣✮ t♦ t❤❡ ❜r❛♥❝❤ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ str✐❝t❧② s♠❛❧❧❡r t❡r♠✳ ❚❤❡♥ t❤❡ ✇❤♦❧❡
❜r❛♥❝❤ α = t ❝❛♥ ❜❡ ❝❧♦s❡❞✱ ❜② ✏❞❡s❝❡♥t❡ ✐♥✜♥✐❡✑✳
❆ s❡t ♦❢ (α,C✮✲❝❧❛✉s❡s S ✐s ❛ t✲s❡t ✐❢ ❢♦r ❡✈❡r② (α,C)✲❝❧❛✉s❡ α 6≈ s∨C ♦❝❝✉rr✐♥❣
✐♥ S✱ ✇❡ ❤❛✈❡ s  t✳
❚❤❡♦r❡♠ ✷✳ ▲❡t S ❜❡ ❛ s❡t ♦❢ (α,C)✲❝❧❛✉s❡s✳ ❆ss✉♠❡ t❤❡r❡ ❡①✐sts ❛ s❡t ♦❢ t❡r♠s
{t1, . . . , tn} ❝♦✈❡r✐♥❣ ❢♦r t s✉❝❤ t❤❛t✿
✶✳ ❋♦r ❛❧❧ i ∈ [1, n]✱ t❤❡r❡ ❡①✐sts ❛ ti✲s❡t Si ⊆ S✳
✷✳ ❋♦r ❛❧❧ i ∈ [1, n] ❛♥❞ ❢♦r ❛❧❧ ❣r♦✉♥❞ t❡r♠s s  ti✱ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♥❞✐t✐♦♥s ❤♦❧❞s✿
✭❛✮ Si |= α 6≈ s✳
✭❜✮ ❚❤❡r❡ ❡①✐st ❛ ♥✉♠❜❡r j ∈ [1, n] ❛♥❞ ❛ s❤✐❢t θs s✉❝❤ t❤❛t Si |=
s❤✐❢t(Sj , tj , θs) ❛♥❞ s  tjθs✳
❚❤❡♥ ✇❡ ❤❛✈❡ S |= {α 6≈ t}✳
❚❤❡♦r❡♠ ✷ ❛❧❧♦✇s ♦♥❡ t♦ ❞❡r✐✈❡ ❛♥ (α,C)✲❝❧❛✉s❡ ♦❢ t❤❡ ❢♦r♠ α 6≈ t ❢r♦♠ ❛
s❡t s❛t✐s❢②✐♥❣ t❤❡ ♣r❡✈✐♦✉s ♣r♦♣❡rt✐❡s✳ ■♥ ♣r❛❝t✐❝❡✱ ❣✉❡ss✐♥❣ t❤❡ s❡ts Si ❛♥❞ t❤❡
s❤✐❢ts θs ❛♥❞ ❝❤❡❝❦✐♥❣ ✇❤❡t❤❡r ✭✐✮ Si |= α 6≈ s ♦r ✭✐✐✮ Si |= s❤✐❢t(Sj , tj , θs) ✐s
♦❢ ❝♦✉rs❡ ✐♥❢❡❛s✐❜❧❡✳ ❲❡ ♥❡❡❞ t♦ ✐♠♣♦s❡ str♦♥❣❡r s②♥t❛❝t✐❝ ❝♦♥❞✐t✐♦♥s✳ ❆ s✐♠♣❧❡
s♦❧✉t✐♦♥ ✭✉s❡❞ ✐♥ t❤❡ s❡q✉❡❧✮ ✐s t♦ ❝❤❡❝❦ t❤❛t✿ ✭✐✮ ❛ ❝❧❛✉s❡ ♦❢ t❤❡ ❢♦r♠ α 6≈ s′ ✇✐t❤
s′  s ❤❛s ❜❡❡♥ ❞❡r✐✈❡❞ ❢r♦♠ ♣❛r❡♥t ❝❧❛✉s❡s ✐♥ Si✱ ✭✐✐✮ s❤✐❢t(Sj , ti, θs) ❤❛s ❜❡❡♥
❞❡r✐✈❡❞ ❢r♦♠ Si✳ ❖❢ ❝♦✉rs❡✱ t♦ ❛♣♣❧② t❤❡ t❤❡♦r❡♠ ✐♥ ♣r❛❝t✐❝❡✱ ♦♥❡ ❤❛s t♦ ❡①❤✐❜✐t
❛ ✜♥✐t❡ s❡t ♦❢ s✉❜st✐t✉t✐♦♥s θs t❤❛t ❝♦✈❡rs ❛❧❧ ♣♦ss✐❜❧❡ t❡r♠s✱ s♦ t❤❛t ❈♦♥❞✐t✐♦♥
2 ❤♦❧❞s✳ ❚❤❡ ❝♦♠♣❧❡t❡♥❡ss ♣r♦♦❢ ♦❢ t❤❡ ♥❡①t s❡❝t✐♦♥ ♣r♦✈✐❞❡s ❛❞❞✐t✐♦♥❛❧ ❤✐♥ts ♦♥
❤♦✇ t❤❡ t❤❡♦r❡♠ s❤♦✉❧❞ ❜❡ ❛♣♣❧✐❡❞ ✐♥ ♣r❛❝t✐❝❡ ✭✐♥ ♣❛rt✐❝✉❧❛r✱ t♦ ❝❤♦♦s❡ t❤❡ s❡ts
Si✮✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✇r✐t❡ S ⊢ C ✐❢ ❛♥ (α,C)✲❝❧❛✉s❡ C ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ ❛
s❡t ♦❢ ❝❧❛✉s❡ s❡ts S ❜② s✉♣❡r♣♦s✐t✐♦♥ ♦r ❜② t❤❡ ❧♦♦♣ ❞❡t❡❝t✐♦♥ r✉❧❡✳
❊①❛♠♣❧❡ ✸✳ ❈♦♥s✐❞❡r t❤❡ s❡t ♦❢ (α,C)✲❝❧❛✉s❡s ♦❢ ❊①❛♠♣❧❡ ✶✳ ▲❡t t1 = x✱ S1 = {1, 2, 3}
❛♥❞ S′ = {1, 2, 5}✳ ❲❡ ❝❤❡❝❦ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷ ❛r❡ ❢✉❧✜❧❧❡❞✳ ❚❤❡ s❡t {t1}
✐s ♦❜✈✐♦✉s❧② ❝♦✈❡r✐♥❣✱ ❛♥❞ ✐t ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ❞❡r✐✈❛t✐♦♥ ✐♥ ❊①❛♠♣❧❡ ✶ t❤❛t ✇❡ ❤❛✈❡
S1 ⊢
∗ α 6≈ 0 ❛♥❞ S1 ⊢
∗ S′✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t S′ = s❤✐❢t(S1, x, {x 7→
s(x)})✳ ▲❡t s ❜❡ ❛ ❣r♦✉♥❞ t❡r♠✳ ❚❤❡ t❡r♠ s ✐s ❡✐t❤❡r 0✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ❈♦♥❞✐t✐♦♥ 2.a
✐s s❛t✐s✜❡❞✱ ♦r ♦❢ t❤❡ ❢♦r♠ s(t′) ❢♦r s♦♠❡ t❡r♠ t′✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ❈♦♥❞✐t✐♦♥ 2.b ❤♦❧❞s
✭✇✐t❤ j = 1 ❛♥❞ θs = {x 7→ s(x)}✮✳ ❚❤✉s ❚❤❡♦r❡♠ ✷ ❛♣♣❧✐❡s ❛♥❞ t❤❡ ❝❧❛✉s❡ α 6≈ x ✐s
❣❡♥❡r❛t❡❞✳ ❚❤✐s ❝❧❛✉s❡ ✐s ♦❜✈✐♦✉s❧② ✉♥s❛t✐s✜❛❜❧❡✱ ✇❤✐❝❤ ♣r♦✈❡s t❤❛t t❤❡ ♦r✐❣✐♥❛❧ ❝❧❛✉s❡
s❡t ✐s ❛❧s♦ ✉♥s❛t✐s✜❛❜❧❡✳
■❢ t❤❡ ✐♥❞✐❝❡s ❛r❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs✱ t❤❡ ❝♦♥❞✐t✐♦♥s ❛r❡ ♠✉❝❤ s✐♠♣❧❡r t♦ t❡st✱
s✐♥❝❡ ❛❧❧ ❝♦✈❡r✐♥❣ s❡ts ❝♦♥t❛✐♥ ❛ s✉❜s❡t ♦❢ t❤❡ ❢♦r♠ {0, s(0), . . . , sk(0), sk+1(x)}✳
❚❤✉s ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t k = 1 ❛♥❞ t❤❛t t❤❡r❡ ❡①✐sts ❛t ♠♦st ♦♥❡ s❤✐❢t θs✳
❚❤❡ ❧♦♦♣ ❞❡t❡❝t✐♦♥ r✉❧❡ ✐s r❡❧❛t❡❞ t♦ t❤❡ ✐♥❞✉❝t✐✈❡ r✉❧❡ ♣r❡s❡♥t❡❞ ✐♥ ❬✶✻❪✳
❇♦t❤ r✉❧❡s ❛♣♣❧② ❣❧♦❜❛❧❧②✱ ♦♥ t❤❡ ✇❤♦❧❡ ❝❧❛✉s❡ s❡t ✭❛♥❞ ♥♦t ♦♥ ❛ ✜①❡❞ ✜♥✐t❡ s❡t
♦❢ ♣r❡♠✐s❡s✱ ❛s t❤❡ ✉s✉❛❧ ✐♥❢❡r❡♥❝❡ r✉❧❡s✮✳ ❚❤❡② ❜♦t❤ ❡♥❝♦❞❡ ❛ ❢♦r♠ ♦❢ ♠❛t❤❡✲
♠❛t✐❝❛❧ ✐♥❞✉❝t✐♦♥ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛ s✉♣❡r♣♦s✐t✐♦♥✲❜❛s❡❞ ❝❛❧❝✉❧✉s✱ ✇✐t❤ t❤❡ ❛✐♠
♦❢ ❞❡r✐✈✐♥❣ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✐♥ s♦♠❡ ❝❛s❡s ✇❤❡r❡ t❤❡ ♦t❤❡r r✉❧❡s ❞✐✈❡r❣❡✳ ❍♦✇❡✈❡r✱
t❤❡r❡ ❡①✐st ✐♠♣♦rt❛♥t ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ r✉❧❡s✳ ❚❤❡ ✐♥❞✉❝t✐✈❡ r✉❧❡ ♦❢
❬✶✻❪ ❡♥❝♦❞❡s t❤❡ ❢❛❝t t❤❛t✱ ✇❤❡♥ ♣r♦✈✐♥❣ ❛ ❢♦r♠✉❧❛ φ(α)✱ ✇❤❡r❡ α r❛♥❣❡s ♦✈❡r
s♦♠❡ ✐♥❞✉❝t✐✈❡❧② ❞❡✜♥❡❞ ❞♦♠❛✐♥✱ ♦♥❡ ♠❛② ❛ss✉♠❡ t❤❛t α ✐s ♠✐♥✐♠❛❧✱ ✐✳❡✳ t❤❛t
¬φ(β) ❤♦❧❞s ❢♦r ❡✈❡r② β str✐❝t❧② ❧♦✇❡r t❤❛♥ α ✭❛❝❝♦r❞✐♥❣ t♦ s♦♠❡ ✇❡❧❧✲❢♦✉♥❞❡❞
♦r❞❡r✐♥❣✮✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤❡ ✐♥❞✉❝t✐✈❡ r✉❧❡ ✐s ♣r❡❝✐s❡❧② t♦ ❞❡r✐✈❡ t❤❡ ❢♦r♠✉❧❛
¬φ(β)✱ ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥ts ❡♥s✉r✐♥❣ t❤❛t β < α✳ ❖❜✈✐♦✉s❧②✱ t❤✐s r✉❧❡
♦♥❧② ♣r❡s❡r✈❡s s❛t✐s✜❛❜✐❧✐t②✳ ■♥ ❝♦♥tr❛st✱ ♦✉r r✉❧❡ ✉s❡s ✐♥❞✉❝t✐♦♥ ✐♥ t❤❡ ❢♦r♠ ♦❢
❞❡s❝❡♥t❡ ✐♥✜♥✐❡✿ ✐t ♦♥❧② ❛♣♣❧✐❡s ✇❤❡♥ ❛ ❢♦r♠✉❧❛ φ(β) ❤❛s ❜❡❡♥ ❡①♣❧✐❝✐t❧② ❞❡r✐✈❡❞
❢r♦♠ φ(α) ❜② t❤❡ ✐♥❢❡r❡♥❝❡ r✉❧❡s✳ ❚❤❡ ♦♥❧② ♣r♦♣❡rt✐❡s t❤❛t ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❛r❡
❝❧❛✉s❡s ♦❢ t❤❡ ❢♦r♠ α 6≈ t✱ ✇❤✐❝❤ ✐♥ s♦♠❡ s❡♥s❡ ❝❧♦s❡ t❤❡ ❜r❛♥❝❤❡s ❝♦rr❡s♣♦♥❞✐♥❣
t♦ ✐♥st❛♥❝❡s ♦❢ t ✐♥ t❤❡ s❡❛r❝❤ s♣❛❝❡✳ ❚❤❡ ❝♦♥❝❧✉s✐♦♥ ✐s ❛ ❧♦❣✐❝❛❧ ❝♦♥s❡q✉❡♥❝❡ ♦❢
t❤❡ ♣r❡♠✐s❡s✱ ❛♥❞ t❤❡ ✐♥❢❡r❡♥❝❡ str♦♥❣❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❝♦♥s✐❞❡r❡❞ s✐❣♥❛t✉r❡✳
❊①❛♠♣❧❡ ✹✳ ❋♦r ✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r t❤❡ ❝❧❛✉s❡ s❡t {α 6≈ x∨ px,¬pa,¬pf(x) ∨ qx,¬qf(x) ∨
qx,¬qa}✳ ❚❤❡ s✉♣❡r♣♦s✐t✐♦♥ ❝❛❧❝✉❧✉s ❞❡r✐✈❡s t❤❡ ❝❧❛✉s❡s✿ α 6≈ a, α 6≈ f
n(f(x)) ∨ qx
❛♥❞ α 6≈ fn(f(a))✱ ❢♦r ❡✈❡r② n ∈ N✳ ❚❤❡ ✐♥❞✉❝t✐✈❡ r✉❧❡ ♦❢ ❬✶✻❪ ❛♣♣❧✐❡s ♦♥ t❤❡ ✐♥✐t✐❛❧
❝❧❛✉s❡ s❡t ❛♥❞ ❞❡r✐✈❡s ✭❢♦r ✐♥st❛♥❝❡✮ t❤❡ ❝❧❛✉s❡✿ α 6≈ f(x) ∨ ¬px✳ ❚❤✐s ✐s ✐♥t✉✐t✐✈❡❧②
❥✉st✐✜❡❞ ❜② t❤❡ ❢❛❝t t❤❛t ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t α ✐s t❤❡ ♠✐♥✐♠❛❧ t❡r♠ s✉❝❤ t❤❛t α 6≈ x∨ px
✭✐✳❡✳ pα✮✱ ❤♦❧❞s t❤❡♥ ♥❡❝❡ss❛r✐❧② px ❝❛♥♥♦t ❤♦❧❞ ✐❢ x ✐s ❛ ♣r♦♣❡r s✉❜t❡r♠ ♦❢ α✳ ◆♦t✐❝❡
t❤❛t t❤✐s ❝❧❛✉s❡ ❞♦❡s ♥♦t ❤❡❧♣ t♦ ❞❡r✐✈❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✐♥ t❤✐s ❝❛s❡✳ ❖✉r r✉❧❡ ❝❛♥♥♦t
❞❡r✐✈❡ s✉❝❤ ❛ ♣r♦♣❡rt②✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ t❤❡ ❝❧❛✉s❡s α 6≈ f(f(x)) ∨ ¬px ❛♥❞ α 6≈ f(a)
❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ α 6≈ f(x) ∨ px ✭✉s✐♥❣ t❤❡ ❝❧❛✉s❡s ♥♦t ❝♦♥t❛✐♥✐♥❣ α✮✱ ❛♥❞ s✐♥❝❡
α 6≈ f(f(x)) ∨ ¬px = s❤✐❢t(α 6≈ f(x) ∨ px, f(x), {x 7→ f(x)})✱ t❤❡ ❧♦♦♣ ❞❡t❡❝t✐♦♥ r✉❧❡
❛♣♣❧✐❡s ❛♥❞ ❞❡r✐✈❡s α 6≈ f(x)✳ ◆♦t✐❝❡ t❤❛t t❤✐s ✐s ♦♥❧② ♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ t❤❡ s✐❣♥❛t✉r❡
♦♥❧② ❝♦♥t❛✐♥s f ❛♥❞ a ✭♦t❤❡r✇✐s❡ t❤❡ s❡t {f(x), a} ✇♦✉❧❞ ♥♦t ❜❡ ❝♦✈❡r✐♥❣✮✳ ❚♦❣❡t❤❡r
✇✐t❤ t❤❡ ❝❧❛✉s❡ α 6≈ a✱ t❤✐s ♣r♦✈❡s t❤❡ ✉♥s❛t✐s✜❛❜✐❧✐t② ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝❧❛✉s❡ s❡t✳
❚❤❡ ❧♦♦♣ ❞❡t❡❝t✐♦♥ r✉❧❡ ❛❧s♦ ❞❡♣❛rts ❢r♦♠ t❤❡ t❡❝❤♥✐q✉❡ ♣r❡s❡♥t❡❞ ✐♥ ❬✶✺❪
❢♦r ❞❡❝✐❞✐♥❣ t❤❡ ✈❛❧✐❞✐t② ♦❢ ∀∃✲q✉❡r✐❡s✳ ❚❤❡ ❧❛tt❡r ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞✱ r♦✉❣❤❧②
s♣❡❛❦✐♥❣✱ ♦♥ ❛ ✏❝♦♠♣✐❧❛t✐♦♥✑ ♦❢ t❤❡ s❡❛r❝❤ s♣❛❝❡ ✐♥t♦ ❛♥ ❛✉t♦♠❛t♦♥✱ ❛♥❞ t♦ ❛ r❡✲
❞✉❝t✐♦♥ ♦❢ t❤❡ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠ t♦ t❤❡ ❡♠♣t✐♥❡ss ♣r♦❜❧❡♠ ❢♦r t❤❡ r❡♣r❡s❡♥t❡❞
❧❛♥❣✉❛❣❡✳
❲❡ s❤♦✇ ❛ ♠♦r❡ ❝♦♠♣❧❡① ❡①❛♠♣❧❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♦✉r ❛♣♣r♦❛❝❤✳
❊①❛♠♣❧❡ ✺✳ ▲❡t T ❜❡ ❛♥ ❛rr❛②✳ ▲❡t a, b1, . . . , bn ❜❡ ✐♥❞✐❝❡s ♦❢ T ✱ s✉❝❤ t❤❛t ∀i a 6= bi✳
❲❡ ❝♦♥s✐❞❡r t❤❡ ❛rr❛② T ′ ♦❜t❛✐♥❡❞ ❢r♦♠ T ❜② ❝❤❛♥❣✐♥❣ s✉❝❝❡ss✐✈❡❧② t❤❡ ✈❛❧✉❡ ♦❢ t❤❡
❝❡❧❧ bi t♦ s♦♠❡ ❝♦♥st❛♥t ci✳ ❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t T [a] = T
′[a]✳ ❚❤✐s ✐s ❢♦r♠❛❧✐③❡❞ ✐♥
♦✉r s❡tt✐♥❣ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ ❝❧❛✉s❡s✳ ❲❡ ❞❡✜♥❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❛rr❛②s Ti ✇✐t❤ t❤❡
❢♦❧❧♦✇✐♥❣ ❝❧❛✉s❡s✿
(1) T0 ≃ T (2) Ti+1 ≃ st♦r❡(Ti, bi, ci)
❲❡ ❤❛✈❡ t❤❡ ❛①✐♦♠✿
(3) bi 6≃ a
❲❡ ❛❧s♦ ❝♦♥s✐❞❡r t❤❡ ✉s✉❛❧ ❛①✐♦♠s ♦❢ t❤❡ t❤❡♦r② ♦❢ ❛rr❛②s ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✹❪✮✿
(4) s❡❧❡❝t(st♦r❡(t, x, v), x) ≃ v (5) x ≃ y ∨ s❡❧❡❝t(st♦r❡(t, x, v), y) ≃ s❡❧❡❝t(t, y)
❚❤❡ ✐♥❡q✉❛t✐♦♥ Tn[a] 6= T [a] ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
(6) s❡❧❡❝t(T, a) ≃ d (7) α 6≈ i ∨ s❡❧❡❝t(Ti, a) 6≃ d
❲❡ t❤❡♥ ❞❡r✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ (α,C)✲❝❧❛✉s❡s ❜② ❛♣♣❧②✐♥❣ t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ❝❛❧❝✉❧✉s✿
✭✽✮ α 6≈ 0 ∨ s❡❧❡❝t(T, a) 6≃ d ✭✶✱✼✮
✭✾✮ α 6≈ 0 ✭✻✱✽✮
✭✶✵✮ y ≈ bi ∨ s❡❧❡❝t(Ti+1, y) ≃ s❡❧❡❝t(Ti, y) ✭✷✱✺✮
✭✶✶✮ α 6≈ i+ 1 ∨ a ≃ bi ∨ s❡❧❡❝t(Ti, a) 6≃ d ✭✶✵✱✼✮
✭✶✷✮ α 6≈ i+ 1 ∨ a ≃ bi ∨ s❡❧❡❝t(T, a) 6≃ d ✭✶✱✶✶✮
✭✶✸✮ α 6≈ 1 ∨ a ≃ b0 ✭✻✱✶✷✮
✭✶✹✮ α 6≈ 1 ✭✶✸✱✸✮
✭✶✺✮ α 6≈ i+ 2 ∨ a ≃ bi ∨ s❡❧❡❝t(Ti, a) 6≃ d ✭✶✵✱✶✶✮
❲❡ ❝❤❡❝❦ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷ ❤♦❧❞✳ ❈♦♥s✐❞❡r t❤❡ s❡ts S1 = {1, 6, 10, 11}
❛♥❞ S′ = {1, 6, 10, 15}✳ S1 ✐s ❛♥ i + 1✲s❡t ❛♥❞ S
′ ✐s ❛♥ i + 2✲s❡t✳ ❲❡ ❤❛✈❡ S1 ⊢
∗ S′✳
❋✉rt❤❡r♠♦r❡✱ S1 = s❤✐❢t(S
′, i+1, {i 7→ i+1})✳ ❚❤❡ ♦♥❧② ❣r♦✉♥❞ t❡r♠ t❤❛t ✐s ❛♥ ✐♥st❛♥❝❡
♦❢ i+ 1 ❜✉t ♥♦t ♦❢ i+ 2 ✐s 1✱ ❛♥❞ ✇❡ ❤❛✈❡ S1 ⊢
∗ α 6≈ 1✳ ❍❡♥❝❡ t❤❡ ❧♦♦♣✐♥❣ r✉❧❡ ❛♣♣❧✐❡s✱
②✐❡❧❞✐♥❣ (16) α 6≈ i + 1✳ ❙✐♥❝❡ {0, i + 1} ✐s ❝♦✈❡r✐♥❣✱ ❈❧❛✉s❡s 9 ❛♥❞ 16 ❡♥t❛✐❧ t❤❛t t❤❡
♦r✐❣✐♥❛❧ ❝❧❛✉s❡ s❡t ✐s ✉♥s❛t✐s✜❛❜❧❡✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❧♦♦♣ ❞❡t❡❝t✐♦♥ r✉❧❡ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✐♥
s❡✈❡r❛❧ ❞✐✛❡r❡♥t ✇❛②s✳ ■♥ t❤✐s ❝❛s❡✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ s❡ts S1 = {1, 6, 10, 11}✱ S2 = {9}
❛♥❞ S′ = {1, 6, 10, 15}✱ t❤❡♥ ♦♥❡ ❝❛♥ ❞✐r❡❝t❧② ❣❡♥❡r❛t❡ α 6≈ i ✭s✐♥❝❡ S2 ✐s ❛ 0✲s❡t✱
S2 ⊢
∗ α 6≃ 0 ❛♥❞ {0, 1, i+ 2} ✐s ❝♦✈❡r✐♥❣✮✳
✺ ❈♦♠♣❧❡t❡♥❡ss
❙✐♥❝❡ t❤❡ ❝♦♥s✐❞❡r❡❞ ❧♦❣✐❝ ✐s ♥♦t s❡♠✐✲❞❡❝✐❞❛❜❧❡ ✭❜② ❚❤❡♦r❡♠ ✶✮✱ t❤❡ ♣r♦♦❢ ♣r♦✲
❝❡❞✉r❡ ❝❛♥♥♦t ❜❡ ❝♦♠♣❧❡t❡ ✐♥ ❣❡♥❡r❛❧✳ ❚❤❛t ✐s ✇❤② ✇❡ ✐♠♣♦s❡ s♦♠❡ ❛❞❞✐t✐♦♥❛❧
❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ❝❧❛✉s❡ s❡ts✳ ❆t t❤✐s ♣♦✐♥t✱ ✇❡ ♦♥❧② ✐♥tr♦❞✉❝❡ ❛❜✲
str❛❝t✱ s❡♠❛♥t✐❝ ❝♦♥❞✐t✐♦♥s ✇❤✐❝❤ ❛r❡ ♠❡❛♥t t♦ ❜❡ ❛s ❣❡♥❡r❛❧ ❛s ♣♦ss✐❜❧❡ ❛♥❞
s✉✣❝✐❡♥t t♦ ❡♥s✉r❡ ❝♦♠♣❧❡t❡♥❡ss✳ ■♥ ❙❡❝t✐♦♥ ✼ ✇❡ ✇✐❧❧ ♣r♦✈✐❞❡ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛
❝♦♥❝r❡t❡ ✭s②♥t❛❝t✐❝✮ ❝❧❛ss ♦❢ ❝❧❛✉s❡ s❡ts ❢✉❧✜❧❧✐♥❣ t❤❡s❡ r❡q✉✐r❡♠❡♥ts✳
❋♦r t❡❝❤♥✐❝❛❧ ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❝♦♥s✐❞❡r❡❞ t❡r♠s ❝♦♥t❛✐♥ ♥♦
❝♦♥st❛♥t s②♠❜♦❧s ♦❢ ❛ s♦rt ✐♥ SI ✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ❣r❡❛t❧② s✐♠♣❧✐✜❡s t❤❡ ❞❡✜♥✐t✐♦♥s
❛♥❞ ♣r♦♦❢s✳ ■t ✐s ♥♦t r❡❛❧❧② r❡str✐❝t✐✈❡✱ s✐♥❝❡ ❛♥② ❝♦♥st❛♥t s②♠❜♦❧ a ♠❛② ❜❡
r❡♣❧❛❝❡❞ ❜② ❛ t❡r♠ a(x)✱ ✇❤❡r❡ x ✐s ❛ ❞✉♠♠② ✈❛r✐❛❜❧❡✶✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❛ss✉♠❡
t❤❛t ❢♦r ❡✈❡r② (α,C)✲❝❧❛✉s❡ α 6≈ t ∨ C ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ❝❧❛✉s❡ s❡ts✱ t
✐s ♥♦t ❛ ✈❛r✐❛❜❧❡✳ ❆❣❛✐♥ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ♥♦t r❡str✐❝t✐✈❡✿ ✐t ❝❛♥ ❜❡ ❡♥❢♦r❝❡❞ ❜②
✐♥tr♦❞✉❝✐♥❣ ❛ ♥❡✇ ❢✉♥❝t✐♦♥ s②♠❜♦❧ f ♦❢ ♣r♦✜❧❡ s → s′✱ ✇❤❡r❡ s ✐s t❤❡ ✐♥✐t✐❛❧
s♦rt ♦❢ α ❛♥❞ s′ ✐s ❛ ♥❡✇ s♦rt s②♠❜♦❧✱ ❛♥❞ ❜② r❡♣❧❛❝✐♥❣ ❡✈❡r② ❞✐s❡q✉❛t✐♦♥ α 6≈ t
✭✇❤❡r❡ t ✐s ♣♦ss✐❜❧② ❛ ✈❛r✐❛❜❧❡✮ ❜② α 6≈ f(t) ✭♥♦t❡ t❤❛t ❜② ❞❡✜♥✐t✐♦♥ f ✐s t❤❡
✉♥✐q✉❡ ❢✉♥❝t✐♦♥ s②♠❜♦❧ ♦❢ s♦rt s′✱ t❤✉s ❢♦r ❛❧❧ ✐♥t❡r♣r❡t❛t✐♦♥s I✱ I(α) ✇✐❧❧ ❜❡
♦❢ t❤❡ ❢♦r♠ f(. . .)✮✳ ❆ ❝❧❛✉s❡ C ✐s ✐♥❞❡①✲✢❛t ✐❢ ❡✈❡r② ✐♥❞❡① ♦❝❝✉rr✐♥❣ ✐♥ C ✐s ❛
✈❛r✐❛❜❧❡✳
❉❡✜♥✐t✐♦♥ ✹✳ ❲❡ ❞❡♥♦t❡ ❜② succ t❤❡ ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t succ(t)
❞❡❢
=
f1(. . . (fn−1(x))) ✐❢ t ✐s ♦❢ t❤❡ ❢♦r♠ f1(. . . (fn(x)) . . .)) ❢♦r s♦♠❡ ✈❛r✐❛❜❧❡ x ✭succ
✐s ✉♥❞❡✜♥❡❞ ♦t❤❡r✇✐s❡✮✳
❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ ❛ ❢✉♥❝t✐♦♥ ✏r❛♥❦✑ t❤❛t ♣❧❛②s ❛ ❝❡♥tr❛❧ r♦❧❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳
■t ♠❛♣s ❛❧❧ (α,C)✲❝❧❛✉s❡s C t♦ t❤❡ ✭♥❡❝❡ss❛r✐❧② ✉♥✐q✉❡✮ t❡r♠ t s✉❝❤ t❤❛t α 6≈ t
♦❝❝✉rs ✐♥ C ✭♦r ⊥ ✐❢ α ❞♦❡s ♥♦t ♦❝❝✉r ✐♥ C✮✳ ❍♦✇❡✈❡r✱ ✐❢ C ✐s ♥♦t ✐♥❞❡①✲✢❛t✱
t❤❡♥ ✇❡ ✇✐❧❧ r❡t✉r♥ ♥♦t t❤❡ t❡r♠ t ✐ts❡❧❢✱ ❜✉t r❛t❤❡r ✐ts s✉❝❝❡ss♦r ❛❝❝♦r❞✐♥❣ t♦
succ✳ ❚❤❡ r❡❛s♦♥ ❜❡❤✐♥❞ t❤✐s s❡❡♠✐♥❣❧② ♥♦♥✲✐♥t✉✐t✐✈❡ ❞❡✜♥✐t✐♦♥ ✐s t❤❛t ✇❡ ✇❛♥t
t❤❡ r❛♥❦ t♦ ❜❡ ♣r❡s❡r✈❡❞ ❜② ✐♥st❛♥t✐❛t✐♦♥ ✭❢♦r t❤❡ ❝❧❛✉s❡s ✇❤♦s❡ ✐♥❞✐❝❡s ❤❛✈❡
❞❡♣t❤ 0 ♦r 1✮✱ ❢♦r ✐♥st❛♥❝❡ α 6≈ f(g(x)) ∨ pg(x) s❤♦✉❧❞ ❤❛✈❡ t❤❡ s❛♠❡ r❛♥❦ ❛s
α 6≈ f(x) ∨ px✳ ▼♦r❡ ❢♦r♠❛❧❧②✿
❉❡✜♥✐t✐♦♥ ✺✳ ❚❤❡ r❛♥❦ ♦❢ ❛♥ (α,C)✲❝❧❛✉s❡ C ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳
✕ ■❢ C ∈ C t❤❡♥ r❛♥❦(C)
❞❡❢
= ⊥✳
✕ ■❢ C ✐s ♦❢ t❤❡ ❢♦r♠ α 6≈ i ∨D ❛♥❞ D ✐s ✐♥❞❡①✲✢❛t t❤❡♥ r❛♥❦(C)
❞❡❢
= i✳
✕ ■❢ C ✐s ♦❢ t❤❡ ❢♦r♠ α 6≈ i∨D ❛♥❞ D ✐s ♥♦t ✐♥❞❡①✲✢❛t t❤❡♥ r❛♥❦(C)
❞❡❢
= succ(i)✳
❚❤❡ ❢✉♥❝t✐♦♥ r❛♥❦ ✐s ✇❡❧❧✲❞❡✜♥❡❞✱ s✐♥❝❡ i ❝❛♥♥♦t ❜❡ ❛ ✈❛r✐❛❜❧❡✳ ■❢ S ✐s ❛ s❡t ♦❢
(α,C)✲❝❧❛✉s❡s✱ ✇❡ ❞❡♥♦t❡ ❜② S〈r〉 t❤❡ s❡t ♦❢ (α,C)✲❝❧❛✉s❡s ♦❢ r❛♥❦ r ✭✉♣ t♦ ❛
r❡♥❛♠✐♥❣✮ ✐♥ S✳ ❲❡ t❤❡♥ ❝♦♥s✐❞❡r ❛ ♣❛rt✐❝✉❧❛r s✉❜s❡t ♦❢ C✱ ♦❜t❛✐♥❡❞ ❜② ❝♦♥s✐❞✲
❡r✐♥❣ ♦♥❧② t❤❡ ✐♥❞❡①✲✢❛t (α,C)✲❝❧❛✉s❡s t❤❛t ❝❛♥ ✐♥t❡r❛❝t ✇✐t❤ ❛ ♥♦♥✲✐♥❞❡①✲✢❛t
(α,C)✲❝❧❛✉s❡✿
❉❡✜♥✐t✐♦♥ ✻✳ ❲❡ ❞❡♥♦t❡ ❜② F t❤❡ s❡t ♦❢ ✐♥❞❡①✲✢❛t ❝❧❛✉s❡s C ∈ C s✉❝❤ t❤❛t
t❤❡r❡ ❡①✐st t✇♦ ❝❧❛✉s❡s D,E ∈ C s✉❝❤ t❤❛t C,D ⊢ E ❛♥❞ D ✐s ♥♦t ✐♥❞❡①✲✢❛t✳
■❢ S ✐s ❛ s❡t ♦❢ (α,C)✲❝❧❛✉s❡s✱ ✇❡ ❞❡♥♦t❡ ❜② F(S) t❤❡ s❡t {α 6≈ t∨C ∈ S | C ∈ F}✳
❉❡✜♥✐t✐♦♥ ✼✳ ❚❤❡ ❝❧❛ss C ✐s ❛❞♠✐ss✐❜❧❡ ✐✛ ✐t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿
✭c1✮ C ✐s ❝❧♦s❡❞ ✉♥❞❡r s✉♣❡r♣♦s✐t✐♦♥ ✐✳❡✳ ✐❢ S ⊢ C ❛♥❞ S ⊆ C t❤❡♥ C ∈ C✳
✶ ❖❢ ❝♦✉rs❡ t❤❡ s✐❣♥❛t✉r❡ Σ ♠✉st ❝♦♥t❛✐♥ ❛ ❝♦♥st❛♥t s②♠❜♦❧ ♦❢ t❤❡ s❛♠❡ s♦rt ❛s x✱
♦t❤❡r✇✐s❡ t❤❡ s❡t ♦❢ ❣r♦✉♥❞ t❡r♠s ✇♦✉❧❞ ❜❡ ❡♠♣t②✳ ❍♦✇❡✈❡r✱ t❤✐s ❝♦♥st❛♥t ✐s ♥♦t
❛❧❧♦✇❡❞ t♦ ♦❝❝✉r ✐♥ t❤❡ ❝❧❛✉s❡s✳
✭c2✮ ❊❛❝❤ ♥♦♥✲❡♠♣t② ❝❧❛✉s❡ ✐♥ C ❝♦♥t❛✐♥s ❡①❛❝t❧② ♦♥❡ ✐♥❞❡① ✈❛r✐❛❜❧❡✳ ❋✉rt❤❡r✲
♠♦r❡✱ ✐❢ C ❛♥❞ D ❝♦♥t❛✐♥ t✇♦ ✐♥❞❡① ✈❛r✐❛❜❧❡s x ❛♥❞ y r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ✐❢
❛♥ ✐♥❢❡r❡♥❝❡ ✐s ❛♣♣❧✐❝❛❜❧❡ ♦♥ C,D ✇✐t❤ ❛ ✉♥✐✜❡r σ✱ t❤❡♥ σ(x) ✐s x✱ y ♦r ♦❢
t❤❡ ❢♦r♠ f(y)✱ ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ s②♠❜♦❧ f ✳ ▼♦r❡♦✈❡r ✐❢ σ(x) = f(y) t❤❡♥ C
✐s ✐♥❞❡①✲✢❛t ❛♥❞ D ✐s ♥♦t✳ ❙✐♠✐❧❛r❧②✱ ✐❢ C ❝♦♥t❛✐♥s ❛♥ ✐♥❞❡① ✈❛r✐❛❜❧❡ x✱ ❛♥❞
✐❢ ❛ ✉♥❛r② ✐♥❢❡r❡♥❝❡ ✐s ❛♣♣❧✐❝❛❜❧❡ ♦♥ C ✇✐t❤ ❛ ✉♥✐✜❡r σ✱ t❤❡♥ ✇❡ ♠✉st ❤❛✈❡
σ(x) = x✳
✭c3✮ F ✐s ✜♥✐t❡ ✭✉♣ t♦ ❛ r❡♥❛♠✐♥❣ ♦❢ ✈❛r✐❛❜❧❡s✮✳
❋r♦♠ ♥♦✇ ♦♥ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❝♦♥s✐❞❡r❡❞ ❝❧❛ss C ✐s ❛❞♠✐ss✐❜❧❡✳ ❈♦♥❞✐t✐♦♥
✭c1✮ ✐s r❛t❤❡r ♥❛t✉r❛❧✿ ✐t ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ (α,C)✲❝❧❛✉s❡s ❝♦♥str✉❝t❡❞ ♦✈❡r C
❛r❡ ❝❧♦s❡❞ ✉♥❞❡r s✉♣❡r♣♦s✐t✐♦♥ ✐♥❢❡r❡♥❝❡s✳ ❈♦♥❞✐t✐♦♥ ✭c2✮ ✇✐❧❧ ❡♥s✉r❡ t❤❛t t❤❡s❡
✐♥❢❡r❡♥❝❡s ❝❛♥♥♦t ✐♥❝r❡❛s❡ t❤❡ ❞❡♣t❤ ♦❢ t❤❡ ✐♥❞✐❝❡s ❛r❜✐tr❛r✐❧②✳ ❈♦♥❞✐t✐♦♥ ✭c3✮
❡♥s✉r❡s t❤❛t ♦♥❧② ✜♥✐t❡❧② ♠❛♥② ❝❧❛✉s❡s ♦❢ ❛ ❣✐✈❡♥ r❛♥❦ ❝❛♥ ❜❡ ❜✉✐❧t ♦♥ F✳ ❆s
✇❡ ✇✐❧❧ s❤♦✇✱ ✭c2✮ ❡♥t❛✐❧s t❤❛t t❤❡ s❡❛r❝❤ s♣❛❝❡ ❤❛s ❛ str✐❝t ❤✐❡r❛r❝❤✐❝ str✉❝t✉r❡
✇✳r✳t✳ t❤❡ r❛♥❦✿ ❢♦r ❛❧❧ t❡r♠s t  s✱ t❤❡ (α,C)✲❝❧❛✉s❡s ♦❢ r❛♥❦ s ❛r❡ ♥❡❝❡ss❛r✐❧②
❞❡r✐✈❡❞ ❢r♦♠ t❤♦s❡ ♦❢ r❛♥❦ t ✭❛❧♦♥❣ ✇✐t❤ t❤❡ ❝❧❛✉s❡s ♦❢ r❛♥❦ ⊥✮✳ ❋✉rt❤❡r♠♦r❡✱
✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t t❤✐s r❡❧❛t✐♦♥ st✐❧❧ ❤♦❧❞s ✐❢ t❤❡ ❝❧❛✉s❡s ❛r❡ r❡str✐❝t❡❞ t♦ t❤♦s❡
♦❝❝✉rr✐♥❣ ✐♥ F✱ ✐✳❡✳ ✇❡ ❤❛✈❡ t  s⇒ S〈⊥〉∪F(S〈t〉) ⊢∗ S〈⊥〉∪F(S〈s〉) ✭❛ss✉♠✐♥❣
t ✐s ❧♦✇❡r t❤❛♥ t❤❡ r❛♥❦s ♦❢ t❤❡ ✐♥✐t✐❛❧ (α,C)✲❝❧❛✉s❡s✮✳ ❚❤❡♥✱ ✭c3✮ ❡♥s✉r❡s t❤❛t
t❤❡r❡ ❡①✐st ♦♥❧② ✜♥✐t❡❧② ♠❛♥② s❡ts F(S〈t〉) ✭✉♣ t♦ ❛ s❤✐❢t✮✱ ✇❤✐❝❤ ❡♥t❛✐❧s t❤❛t t❤❡
❧♦♦♣ ❞❡t❡❝t✐♦♥ r✉❧❡ ❡✈❡♥t✉❛❧❧② ❛♣♣❧✐❡s✳ ❆ ❝❧❛✉s❡ s❡t S ✐s s❛t✉r❛t❡❞ ✐❢ ❡✈❡r② ❝❧❛✉s❡
C s✉❝❤ t❤❛t S ⊢ C ✐s r❡❞✉♥❞❛♥t ✇✳r✳t✳ S ✭✐♥ t❤❡ ✉s✉❛❧ s❡♥s❡✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣
t❤❡♦r❡♠ st❛t❡s ♦✉r ❝♦♠♣❧❡t❡♥❡ss r❡s✉❧t✿
❚❤❡♦r❡♠ ✸✳ ▲❡t S ❜❡ ❛ s❡t ♦❢ (α,C)✲❝❧❛✉s❡s ✇❤❡r❡ C ✐s ❛❞♠✐ss✐❜❧❡✳ ■❢ S ✐s
s❛t✉r❛t❡❞ ❛♥❞ ✉♥s❛t✐s✜❛❜❧❡ t❤❡♥ ❡✐t❤❡r 2 ♦r α 6≈ x ♦❝❝✉rs ✐♥ S✳
✻ ❙❛t✐s✜❛❜✐❧✐t② ❉❡t❡❝t✐♦♥
■♥ st❛♥❞❛r❞ ❝❧❛✉s❛❧ ❧♦❣✐❝✱ t❤❡ s❛t✐s✜❛❜✐❧✐t② ♦❢ ❛ ❣✐✈❡♥ ❝❧❛✉s❡ s❡t S ❝❛♥ s♦♠❡t✐♠❡s
❜❡ ❡st❛❜❧✐s❤❡❞ ❜② s❛t✉r❛t✐♦♥✱ ✐♥ ❝❛s❡ t❤❡ s❡t ♦❢ ❝❧❛✉s❡s ❞❡r✐✈❡❞ ❢r♦♠ S ✐s ✜♥✐t❡ ❛♥❞
❞♦❡s ♥♦t ❝♦♥t❛✐♥ 2✳ ❚❤✐s ✐s ♥♦t ❢❡❛s✐❜❧❡ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤✐s ♣❛♣❡r ✭❡①❝❡♣t ✐♥
tr✐✈✐❛❧ ❝❛s❡s✮✱ ❜❡❝❛✉s❡ t❤❡ r❛♥❦ ✇✐❧❧ ✐♥ ❣❡♥❡r❛❧ ✐♥❝r❡❛s❡ ✐♥❞❡✜♥✐t❡❧②✳ ❍♦✇❡✈❡r✱ ✇❡
❝❛♥ ❞❡✈✐s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❛t✐s✜❛❜✐❧✐t② t❡st✱ ❜❛s❡❞ ♦♥ ❛ ❢♦r♠ ♦❢ ♣❛rt✐❛❧ s❛t✉r❛t✐♦♥✿
❉❡✜♥✐t✐♦♥ ✽✳ ❆ s❡t ♦❢ (α,C)✲❝❧❛✉s❡s S ✐s s❛t✉r❛t❡❞ ✇✳r✳t✳ ❛ ✭❣r♦✉♥❞✮ t❡r♠ t ✐❢
❢♦r ❡✈❡r② ❝❧❛✉s❡ C s✉❝❤ t❤❛t S ⊢ C✱ ❡✐t❤❡r C ✐s r❡❞✉♥❞❛♥t ♦r C ✐s ♦❢ t❤❡ ❢♦r♠
α 6≈ s ∨D✱ ✇❤❡r❡ s ❛♥❞ t ❛r❡ ♥♦t ✉♥✐✜❛❜❧❡✳
■❢ ❛ s❡t ♦❢ (α,C)✲❝❧❛✉s❡s S ✐s s❛t✉r❛t❡❞ ✇✳r✳t✳ s♦♠❡ t❡r♠ t ❛♥❞ ❞♦❡s ♥♦t ❝♦♥t❛✐♥
α 6≈ t✱ t❤❡♥ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t S ❤❛s ❛ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ t❤❡ ✈❛❧✉❡ ♦❢ α ✐s t ✭♥♦t❡
t❤❛t t❡st✐♥❣ ✇❤❡t❤❡r ❛ ❝❧❛✉s❡ s❡t ✐s s❛t✉r❛t❡❞ ✇✳r✳t✳ t ✐s ❡❛s②✿ ✐❢ t❤❡ st❛♥❞❛r❞
♣r♦♦❢ s❡❛r❝❤ ❛❧❣♦r✐t❤♠ ✐s ✉s❡❞✱ ✐t s✉✣❝❡s t♦ t❡st t❤❛t t❤❡ s❡t ♦❢ ✏❛❝t✐✈❡✑ ❝❧❛✉s❡s
❝♦♥t❛✐♥s ♥♦ ❝❧❛✉s❡ ♦❢ ❛ r❛♥❦ ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t✮✳
■❢ C ✐s ✜♥✐t❡ ✭✐✳❡✳ ✐❢ t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ❝❛❧❝✉❧✉s t❡r♠✐♥❛t❡s ♦♥ ❝❧❛✉s❡ s❡ts ✐♥
C✮✱ t❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ (α,C)✲❝❧❛✉s❡s ♦❢ ❛ ✜①❡❞ r❛♥❦ ✐s ❛❧s♦ ✜♥✐t❡✳ ❚❤✐s ❡♥t❛✐❧s
t❤❛t✱ ❢♦r ❡✈❡r② ❣r♦✉♥❞ t❡r♠ t✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❡✈❡♥t✉❛❧❧② ♦❜t❛✐♥✱ ❢r♦♠ ❛♥② ✐♥✐t✐❛❧
❝❧❛✉s❡ s❡t S✱ ❛ ❝❧❛✉s❡ s❡t ❝♦♥t❛✐♥✐♥❣ S ❛♥❞ s❛t✉r❛t❡❞ ✇✳r✳t✳ t✳ ■❢✱ ♠♦r❡♦✈❡r✱ t❤❡r❡
❡①✐sts ❛ t❡r♠ t s✉❝❤ t❤❛t t❤✐s ♣❛rt✐❛❧❧② s❛t✉r❛t❡❞ s❡t ❞♦❡s ♥♦t ❝♦♥t❛✐♥ α 6≈ t✱
t❤❡♥ s❛t✐s✜❛❜✐❧✐t② ❝❛♥ ❜❡ ❞❡t❡❝t❡❞✳ ■❢ ♥♦ s✉❝❤ t❡r♠ ❡①✐sts✱ t❤❡ ✐♥✐t✐❛❧ ❝❧❛✉s❡ s❡t
♠✉st ❜❡ ✉♥s❛t✐s✜❛❜❧❡✱ t❤✉s t❡r♠✐♥❛t✐♦♥ ❝❛♥ ❜❡ ❡♥s✉r❡❞ ✐♥ ❜♦t❤ ❝❛s❡s✱ ❛❧t❤♦✉❣❤
t❤❡ s❡t ♦❢ (α,C)✲❝❧❛✉s❡s ✐s ✐♥✜♥✐t❡✳
❚❤❡♦r❡♠ ✹✳ ■❢ C ✐s ✜♥✐t❡✱ t❤❡♥ t❤❡ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠ ✐s ❞❡❝✐❞❛❜❧❡ ❢♦r s❡ts ♦❢
(α,C)✲❝❧❛✉s❡s✳
◆♦t❡ t❤❛t t❤❡ ❢❛❝t t❤❛t C ✐s ✜♥✐t❡ ❞♦❡s ♥♦t ✐♠♣❧② t❤❛t t❤❡ s❡t ♦❢ t❡r♠s t❤❛t ❝❛♥ ❜❡
❝♦♥str✉❝t❡❞ ♦♥ t❤❡ s✐❣♥❛t✉r❡ ✐s ✜♥✐t❡✱ s✐♥❝❡ t❤❡ r❡str✐❝t✐♦♥s ♦♥ t❤❡ s✉♣❡r♣♦s✐t✐♦♥
✐♥❢❡r❡♥❝❡s ❝❛♥ ♣r❡✈❡♥t s✉❝❤ t❡r♠s ❢r♦♠ ❜❡✐♥❣ ❣❡♥❡r❛t❡❞✳
✼ ❈♦♠♣❧❡t❡ ❈❧❛ss❡s ♦❢ ■♥❞❡①❡❞ ❋♦r♠✉❧æ
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡♠♦♥str❛t❡ t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ ♦✉r r❡s✉❧ts ❜② ♣r♦✈✐❞✐♥❣ ❛♥
❡①❛♠♣❧❡ ♦❢ ❛♥ ❛❞♠✐ss✐❜❧❡ s②♥t❛❝t✐❝ ❝❧❛ss ♦❢ (α,C)✲❝❧❛✉s❡s✳
▲❡t µ ❜❡ ❛ ❝♦♠♣❧❡①✐t② ❢✉♥❝t✐♦♥ ♠❛♣♣✐♥❣ ❡✈❡r② ❣r♦✉♥❞ t❡r♠ t♦ ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r✳
❲❡ ❛ss✉♠❡ t❤❛t ❢♦r ❛♥② k ∈ N✱ t❤❡ s❡t ♦❢ ❣r♦✉♥❞ ♦❜❥❡❝ts t s✉❝❤ t❤❛t µ(t) ≤ k
❛♥❞ s✉❝❤ t❤❛t ❡✈❡r② ✐♥❞❡① ✐♥ t ✐s ♦❢ ❞❡♣t❤ ❛t ♠♦st 1 ✐s ✜♥✐t❡✳ ❊①❛♠♣❧❡s ♦❢ ✉s✉❛❧
❝♦♠♣❧❡①✐t② ❢✉♥❝t✐♦♥s s❛t✐s❢②✐♥❣ t❤✐s r❡q✉✐r❡♠❡♥t ✐♥❝❧✉❞❡ t❤❡ ❞❡♣t❤ ✭♠❛①✐♠❛❧
❧❡♥❣t❤ ♦❢ t❤❡ ♥♦♥✲✐♥❞❡① ♣♦s✐t✐♦♥s ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ t❡r♠s✮ ♦r t❤❡ s✐③❡ ✭♥✉♠❜❡r ♦❢
♥♦♥✲✐♥❞❡① ♣♦s✐t✐♦♥s ✐♥ t❤❡ t❡r♠s✮✳ ❚❤❡ ❢✉♥❝t✐♦♥ µ ✐s ❡①t❡♥❞❡❞ t♦ ❛t♦♠✱ ❧✐t❡r❛❧s
❛♥❞ ❝❧❛✉s❡s ❛s ❢♦❧❧♦✇s✿
✕ µ(t 6≃ s)
❞❡❢
= µ(t ≃ s)
❞❡❢
= max(µ(t), µ(s))✱ ❛♥❞
✕ µ(
∨n
i=1 li)
❞❡❢
= max{µ(li) | i ∈ [1, n]}✳
❲❡ ✇r✐t❡ t =µ s ✐❢ ❢♦r ❡✈❡r② s✉❜st✐t✉t✐♦♥ σ ✇❡ ❤❛✈❡ µ(tσ) = µ(sσ)✳ ❋♦r ❡✈❡r②
♥❛t✉r❛❧ ♥✉♠❜❡r ν✱ ✇❡ ✇r✐t❡ t ≤νµ s ✐❢ ❢♦r ❡✈❡r② s✉❜st✐t✉t✐♦♥ σ s✉❝❤ t❤❛t µ(tσ) > ν✱
✇❡ ❤❛✈❡ µ(tσ) ≤ µ(sσ)✳ ❚❤❡ r❡❧❛t✐♦♥s =µ ❛♥❞ ≤
ν
µ ❛r❡ ❤❛r❞ t♦ t❡st ✐♥ ❣❡♥❡r❛❧
❜❡❝❛✉s❡ t❤❡ s❡t ♦❢ s✉❜st✐t✉t✐♦♥s σ ✐s ✐♥✜♥✐t❡✳ ❍♦✇❡✈❡r✱ ❛❧❣♦r✐t❤♠s ❢♦r t❡st✐♥❣
✇❤❡t❤❡r t =µ s ♦r t ≥
ν
µ s ❢♦r ✈❛r✐♦✉s ❝♦♠♣❧❡①✐t② ❢✉♥❝t✐♦♥s µ ❛r❡ ❞❡✜♥❡❞ ✐♥ ❬✶✾✱
✷✶❪✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ µ ✐s t❤❡ ❞❡♣t❤ ♦❢ t❤❡ t❡r♠✱ t❤❡♥ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t t =µ s ✐✛
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✿ µ(t) = µ(s)✱ t ❛♥❞ s ❤❛✈❡ t❤❡ s❛♠❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s
❛♥❞ t❤❡ ♠❛①✐♠❛❧ ♦❝❝✉rr❡♥❝❡ ❞❡♣t❤ ♦❢ ❡✈❡r② ✈❛r✐❛❜❧❡ ✐s t❤❡ s❛♠❡ ✐♥ t ❛♥❞ ✐♥ s✳
❲❡ ❝♦♥s✐❞❡r t✇♦ ✭♥♦t ♥❡❝❡ss❛r✐❧② ❞✐s❥♦✐♥t✮ s❡ts ♦❢ ♣r❡❞✐❝❛t❡ s②♠❜♦❧s✿ ❛ s❡t
♦❢ ❝♦♥tr♦❧ ♣r❡❞✐❝❛t❡s Ωc ❛♥❞ ❛ s❡t ♦❢ ✐♥❞❡① ♣r♦♣❛❣❛t✐♦♥ ♣r❡❞✐❝❛t❡s Ωi✳ ❆ ❧✐t❡r❛❧
✐s ❛ ❝♦♥tr♦❧ ❧✐t❡r❛❧ ✭r❡s♣✳ ❛♥ ✐♥❞❡① ♣r♦♣❛❣❛t✐♦♥ ❧✐t❡r❛❧✮ ✐❢ ✐ts ❛t♦♠ ✐s ♦❢ t❤❡ ❢♦r♠
pi(t1, . . . , tn) ≃ tr✉❡✱ ✇❤❡r❡ p ∈ Ωc ✭r❡s♣✳ p ∈ Ωi✮ ❛♥❞ i ✐s ❛♥ ✐♥❞❡① t❡r♠✳ ❚❤❡
r❡♠❛✐♥✐♥❣ ❧✐t❡r❛❧s ❛r❡ ❝❛❧❧❡❞ t❤❡ st❛♥❞❛r❞ ❧✐t❡r❛❧s✳ ▲❡t Sp ❜❡ ❛ s❡t ♦❢ s♦rt s②♠❜♦❧s✱
❝❛❧❧❡❞ t❤❡ µ✲♣r❡s❡r✈✐♥❣ s♦rts s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿
✕ ❋♦r ❡✈❡r② ♣r❡❞✐❝❛t❡ s②♠❜♦❧ p ∈ Ωc ∪Ωi ♦❢ ♣r♦✜❧❡ s1 × . . .× sn → bool✱ ❛♥❞
❢♦r ❡✈❡r② i ∈ [1, n]✱ ✇❡ ❤❛✈❡ si ∈ Sp✳
✕ ❋♦r ❡✈❡r② ❢✉♥❝t✐♦♥ s②♠❜♦❧ ♦❢ ♣r♦✜❧❡ s1 × . . . × sn → s✱ ✐❢ s ∈ Sp t❤❡♥
∀i ∈ [1, n], si ∈ Sp✳
■♥t✉✐t✐✈❡❧②✱ t❤❡ s♦rts ✐♥ Sp ❛r❡ t❤❡ s♦rts ♦❢ t❤❡ t❡r♠s ♦❝❝✉rr✐♥❣ ✐♥ ❝♦♥tr♦❧ ♦r ✐♥❞❡①
♣r♦♣❛❣❛t✐♦♥ ❧✐t❡r❛❧s✳
❉❡✜♥✐t✐♦♥ ✾✳ ❆ s❡t ♦❢ ❝❧❛✉s❡s S ✐s µ✲❝♦♥tr♦❧❧❡❞ ✐✛ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s
❤♦❧❞s✿
✶✳ ❋♦r ❡✈❡r② ❡q✉❛t✐♦♥ t ≃ s ♦❝❝✉rr✐♥❣ ✐♥ ❛ ❝❧❛✉s❡ ✐♥ S✱ ✐❢ t ❛♥❞ s ❛r❡ ♦❢ ❛ s♦rt
✐♥ Sp✱ t❤❡♥ t =µ s✳
✷✳ ❚❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r ν s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② ❝❧❛✉s❡ C✱ ❛♥❞ ❢♦r ❡✈❡r②
✐♥❞❡① ♣r♦♣❛❣❛t✐♦♥ ❧✐t❡r❛❧ ♦r ♣♦s✐t✐✈❡ ❝♦♥tr♦❧ ❧✐t❡r❛❧ L ✐♥ C✱ ✇❡ ❤❛✈❡ L ≤νµ C
′✱
✇❤❡r❡ C ′ ✐s t❤❡ s❡t ♦❢ ♥❡❣❛t✐✈❡ ❝♦♥tr♦❧ ❧✐t❡r❛❧s ♦❝❝✉rr✐♥❣ ✐♥ C✳
✸✳ ❆❧❧ ❧✐t❡r❛❧s✱ ❡①❝❡♣t ✐♥❞❡① ♣r♦♣❛❣❛t✐♦♥ ❧✐t❡r❛❧s✱ ❛r❡ ✐♥❞❡①✲✢❛t✳
✹✳ ❊✈❡r② ❝❧❛✉s❡ ✐♥ S ❝♦♥t❛✐♥s ❛t ♠♦st ♦♥❡ ✐♥❞❡① ✈❛r✐❛❜❧❡✳
✺✳ ❚❤❡ ❛t♦♠s ✐♥ S ❛r❡ ❡✐t❤❡r ♦❢ t❤❡ ❢♦r♠ fi(t) ≃ gi(s) ✭❡q✉❛t✐♦♥❛❧ ❛t♦♠s✮ ♦r
♦❢ t❤❡ ❢♦r♠ pi(t) ≃ tr✉❡ ✭♥♦♥✲❡q✉❛t✐♦♥❛❧ ❛t♦♠s✮✳
■♥ ♣❛rt✐❝✉❧❛r✱ ❛♥② ♥♦♥✲❡q✉❛t✐♦♥❛❧ ✐♥❞❡①✲✢❛t ❝❧❛✉s❡ s❡t ✐s µ✲❝♦♥tr♦❧❧❡❞ ✭✇✐t❤ Sp =
Ωc = Ωi = ∅✮✳ ❈♦♥❞✐t✐♦♥ 1 ❡♥s✉r❡s t❤❛t t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ✐♥❢❡r❡♥❝❡s ✇✐❧❧ ♥♦t
❛✛❡❝t t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ t❡r♠s ♦❝❝✉rr✐♥❣ ✐♥s✐❞❡ ❝♦♥tr♦❧ ♦r ✐♥❞❡① ♣r♦♣❛❣❛t✐♦♥
❧✐t❡r❛❧s✳ ❈♦♥❞✐t✐♦♥ 2 st❛t❡s t❤❛t t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❡✈❡r② ♣♦s✐t✐✈❡ ❝♦♥tr♦❧ ❧✐t❡r❛❧
❛♥❞ ♦❢ ❡✈❡r② ✐♥❞❡① ♣r♦♣❛❣❛t✐♦♥ ❧✐t❡r❛❧s ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡
♥❡❣❛t✐✈❡ ❝♦♥tr♦❧ ❧✐t❡r❛❧s ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ ❝❧❛✉s❡✳ ❈♦♥❞✐t✐♦♥ 3 ❡♥s✉r❡s t❤❛t t❤❡ ♦♥❧②
❞❡♣❡♥❞❡♥❝✐❡s ❜❡t✇❡❡♥ t❡r♠s ♦❢ ❞✐st✐♥❝t ✐♥❞✐❝❡s ❛r❡ ❡♥❝♦❞❡❞ ❜② ✐♥❞❡①✲♣r♦♣❛❣❛t✐♦♥
❧✐t❡r❛❧s ✭t❤❡ r❡♠❛✐♥✐♥❣ ❧✐t❡r❛❧s st❛t❡ r❡❧❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ ♦♥❧② t❡r♠s ✇✐t❤ t❤❡ s❛♠❡
✐♥❞✐❝❡s✮✳ ❈♦♥❞✐t✐♦♥ 5 ❢♦r❜✐❞s ❡q✉❛t✐♦♥s ❜❡t✇❡❡♥ ✐♥❞❡①❡❞ ❛♥❞ ♥♦♥✲✐♥❞❡① ♥♦♥✲
❜♦♦❧❡❛♥ t❡r♠s✱ s✉❝❤ ❛s ai ≃ b✳ ❊q✉❛t✐♦♥s ❜❡t✇❡❡♥ ✈❛r✐❛❜❧❡s ❛r❡ ❛❧s♦ ❢♦r❜✐❞❞❡♥✳
❊①❛♠♣❧❡ ✻✳ ▲❡t µ ❜❡ t❤❡ ❞❡♣t❤ ❢✉♥❝t✐♦♥✳ ▲❡t Ωc = {p}✱ Ωi = {q}✳ ❚❤❡ ❝❧❛✉s❡s
pi(f(c)),¬pi(x) ∨ ps(i)(x) ∨ ¬qi(x)✱ pa(b)✱ α 6≃ i ∨ pi(f(b))✱ qi(x) ∨ ¬qi(f(x))✱ qi(f(c))✱
pi(x) ∨ ¬ri(y) ∨ ri(f(y))✱ ri(a)✱ ❛r❡ µ✲❝♦♥tr♦❧❧❡❞✱ ✇✐t❤ ν = 2✳ ◆♦t❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s
♦♥ t❤❡ ❝♦♥tr♦❧ ❧✐t❡r❛❧s ❡♥s✉r❡ t❤❛t ❢♦r ❛❧❧ ❧✐t❡r❛❧s ♦❢ t❤❡ ❢♦r♠ pi(t) ♦r qi(t) ❣❡♥❡r❛t❡❞
❜② t❤❡ ✐♥❢❡r❡♥❝❡s✱ t ✐s ♦❢ ❞❡♣t❤ ❛t ♠♦st 2✳ ■♥ ❝♦♥tr❛st✱ t❤❡ ❧✐t❡r❛❧s ♦❢ ❤❡❛❞ ri ❝❛♥ ❜❡
♦❢ ❛r❜✐tr❛r② ❞❡♣t❤✳ ❚❤❡ ❝❧❛✉s❡s f(x) ≃ g(f(x))✱ ¬qi(x) ∨ qi(f(x))✱ pi(f(x)) ∨ ¬qi(x)✱
pi(x)✱ as(i) ≃ bi✱ pi ∨ pj ✱ f(x) ≃ gi(x) ❛r❡ ♥♦t µ✲❝♦♥tr♦❧❧❡❞✱ ❜❡❝❛✉s❡ t❤❡② ❝♦♥tr❛❞✐❝t
❈♦♥❞✐t✐♦♥s 1, 2, 2, 2, 3, 4 ❛♥❞ 5✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ f(x) ≃ g(f(x)) ❝♦♥tr❛❞✐❝ts
❈♦♥❞✐t✐♦♥ 1 ❜❡❝❛✉s❡ f(x) ❛♥❞ g(f(x)) ❤❛✈❡ ❞✐st✐♥❝t ❞❡♣t❤s✳ ❙✐♠✐❧❛r❧②✱ ¬qi(x)∨qi(f(x))
✈✐♦❧❛t❡s ❈♦♥❞✐t✐♦♥ 2 ✭r❡❣❛r❞❧❡ss ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ ν✮✱ ❜❡❝❛✉s❡ t❤❡ ❞❡♣t❤ ♦❢ qi(x) ✐s ♥♦t
❛s②♠♣t♦t✐❝❛❧❧② ❣r❡❛t❡r t❤❛♥ t❤❛t ♦❢ qi(f(x))✳
❚❤❡ s✉♣❡r♣♦s✐t✐♦♥ str❛t❡❣② ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳
✕ ◆❡❣❛t✐✈❡ ❝♦♥tr♦❧ ❧✐t❡r❛❧s ❛r❡ s❡❧❡❝t❡❞ ✐♥ ❛♥② ❝❧❛✉s❡ ❝♦♥t❛✐♥✐♥❣ ♦♥❧② ❝♦♥tr♦❧
❧✐t❡r❛❧ ❛♥❞ ✐♥❞❡① ♣r♦♣❛❣❛t✐♦♥ ❧✐t❡r❛❧s✳ ❖t❤❡r✇✐s❡✱ t❤❡ s❡❧❡❝t❡❞ ❧✐t❡r❛❧s ❛r❡ t❤❡
♠❛①✐♠❛❧ ♦♥❡s✳
✕ ❚❤❡ ♦r❞❡r✐♥❣ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿
• ❚❤❡ r❡❧❛t✐♦♥ pf(i)(t1, . . . , tn) > qi(s1, . . . , sm) ❤♦❧❞s ❢♦r ❛❧❧ s②♠❜♦❧s
p, q, t1, . . . , tn, s1, . . . , sm ❛♥❞ f ✳
• ❆❧❧ st❛♥❞❛r❞ ❛t♦♠s ♦❢ ✐♥❞❡① i ❛r❡ str✐❝t❧② ❣r❡❛t❡r t❤❛♥ ❛❧❧ ✐♥❞❡① ♣r♦♣❛✲
❣❛t✐♦♥ ❛t♦♠s ✇✐t❤ t❤❡ s❛♠❡ ✐♥❞❡① i✳
❚❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ♦r❞❡r✐♥❣ ♠❛② s❡❡♠ r❛t❤❡r str♦♥❣✱ s✐♥❝❡✱ ❝❧❡❛r❧②✱ t❤❡
❝♦♥s✐❞❡r❡❞ ✐♥❞❡① ♣r♦♣❛❣❛t✐♦♥ ❛t♦♠ ❝❛♥ ❝♦♥t❛✐♥ ✈❛r✐❛❜❧❡s ♥♦t ♦❝❝✉rr✐♥❣ ✐♥ t❤❡
st❛♥❞❛r❞ ❛t♦♠✳ ❍♦✇❡✈❡r✱ ✐t ❝❛♥ ❡❛s✐❧② ❜❡ ❡♥❢♦r❝❡❞ ❜② ❛ss✉♠✐♥❣ t❤❛t t❤❡ t❡r♠s
♦❝❝✉rr✐♥❣ ❛t ❛ r♦♦t ❧❡✈❡❧ ✐♥ t❤❡ st❛♥❞❛r❞ ❛t♦♠s ❛r❡ ♦❢ s♦♠❡ s♣❡❝✐❛❧ s♦rts t❤❛t
❝❛♥♥♦t ♦❝❝✉r ✐♥s✐❞❡ ❛♥ ✐♥❞❡① ♣r♦♣❛❣❛t✐♦♥ ❛t♦♠ ✭t❤♦s❡ t❡r♠s ❝❛♥ t❤❡♥ ❜❡ ❛ss✉♠❡❞
t♦ ❜❡ str✐❝t❧② ❣r❡❛t❡r t❤❛♥ t❤❡ ♦♥❡s ♦❝❝✉rr✐♥❣ ✐♥ ✐♥❞❡① ♣r♦♣❛❣❛t✐♦♥ ❛t♦♠s✮✳
❚❤❡♦r❡♠ ✺✳ ❚❤❡ ❝❧❛ss ♦❢ µ✲❝♦♥tr♦❧❧❡❞ ❝❧❛✉s❡s ✐s ❛❞♠✐ss✐❜❧❡✳
Pr♦♦❢✳ ❲❡ ♣r♦✈❡ s✐♠✉❧t❛♥❡♦✉s❧② t❤❛t ❈♦♥❞✐t✐♦♥s c1, c2 ❛♥❞ c3 ❤♦❧❞s✳ ■♥ ♣❛rt✐❝✲
✉❧❛r✱ c3 ✐s ❡st❛❜❧✐s❤❡❞ ❜② s❤♦✇✐♥❣ t❤❛t ❡✈❡r② ❝❧❛✉s❡ ✐♥ F ❝♦♥t❛✐♥s ♥♦ ✈❛r✐❛❜❧❡
❡①❝❡♣t ✐♥❞❡① ✈❛r✐❛❜❧❡s ❛♥❞ ✐s ♦❢ ❝♦♠♣❧❡①✐t② ❧♦✇❡r t❤❛♥ ν ✭t❤✐s ❝❧❡❛r❧② ❡♥t❛✐❧s
t❤❛t F ✐s ✜♥✐t❡ ✉♣ t♦ ❛ r❡♥❛♠✐♥❣✮✳ ❲❡ ❝♦♥s✐❞❡r t✇♦ µ✲❝♦♥tr♦❧❧❡❞ ❝❧❛✉s❡s C[t]p
❛♥❞ u ≃ v ∨ D ❛♥❞ ❛ ❝❧❛✉s❡ C[v]pσ ∨ Dσ✱ ♦❜t❛✐♥❡❞ ❜② s✉♣❡r♣♦s✐t✐♦♥ ❢r♦♠ t❤❡
t✇♦ ✜rst ❝❧❛✉s❡s ✭t❤❡ ♣r♦♦❢ ❢♦r t❤❡ ♦t❤❡r ✐♥❢❡r❡♥❝❡ r✉❧❡s ✐s s✐♠✐❧❛r✮✳
✕ ❆ss✉♠❡ t❤❛t C[t]p ✐s ✐♥❞❡①✲✢❛t ❛♥❞ t❤❛t u ≃ v ∨ D ✐s ♥♦t✳ ❉✉❡ t♦ t❤❡
♦r❞❡r✐♥❣ ✉s❡❞ t♦ r❡str✐❝t t❤❡ ✐♥❢❡r❡♥❝❡s✱ u ❝❛♥♥♦t ❜❡ ✐♥❞❡①✲✢❛t ✭♦t❤❡r✇✐s❡ u
✇♦✉❧❞ ♥♦t ❜❡ ♠❛①✐♠❛❧✮✳ ❚❤❡r❡❢♦r❡✱ u ✐s ♦❢ t❤❡ ❢♦r♠ pf(i)(t)✱ ✇❤❡r❡ p ∈ Ωi✳
❈♦♥s❡q✉❡♥t❧②✱ t ✐s ♦❢ t❤❡ ❢♦r♠ pj(s) ✭s✐♥❝❡ t ❛♥❞ u ❛r❡ ✉♥✐✜❛❜❧❡✱ t❤❡② ♠✉st
❤❛✈❡ t❤❡ s❛♠❡ ❤❡❛❞ s②♠❜♦❧✮✳ ❇✉t t❤❡♥ s✐♥❝❡ t ✐s s❡❧❡❝t❡❞✱ C[t]p ❝❛♥♥♦t ❝♦♥t❛✐♥
❛♥② st❛♥❞❛r❞ ❛t♦♠ ✭♦t❤❡r✇✐s❡ t ✇♦✉❧❞ ♥♦t ❜❡ ♠❛①✐♠❛❧✮ ♥❡✐t❤❡r ❛♥② ♥❡❣❛t✐✈❡
❝♦♥tr♦❧ ❧✐t❡r❛❧ ✭♦t❤❡r✇✐s❡ t❤✐s ❧✐t❡r❛❧ ✇♦✉❧❞ ❜❡ s❡❧❡❝t❡❞✮✳ ❚❤✉s t❤❡ s❡t ♦❢
♥❡❣❛t✐✈❡ ❝♦♥tr♦❧ ❧✐t❡r❛❧s ✐♥ C ✐s ❡♠♣t②✱ ❛♥❞ ❜② ❈♦♥❞✐t✐♦♥ 2 ✐♥ ❉❡✜♥✐t✐♦♥ ✾✱
✇❡ ❤❛✈❡ µ(C[t]p) ≤
ν
µ 2✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t C[t]p ❝♦♥t❛✐♥s ♥♦ ✈❛r✐❛❜❧❡s ✭❡①❝❡♣t
✐♥❞❡① ✈❛r✐❛❜❧❡s✮ ❛♥❞ ✐s ♦❢ ❝♦♠♣❧❡①✐t② ❛t ♠♦st ν✳ ❚❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❤♦❧❞s
✐❢ u ≃ v∨D ✐s ✐♥❞❡①✲✢❛t ❛♥❞ C[t]p ✐s ♥♦t ✭✐♥ t❤✐s ❝❛s❡ u ≃ v∨D ❝♦♥t❛✐♥s ♥♦
♥♦♥✲✐♥❞❡① ✈❛r✐❛❜❧❡ ❛♥❞ ✇❡ ♠✉st ❤❛✈❡ µ(u ≃ v ∨D) ≤ ν✮✳ ❚❤✉s t❤❡ ❝❧❛✉s❡s
✐♥ F ❝♦♥t❛✐♥ ♥♦ ✈❛r✐❛❜❧❡ ✭❡①❝❡♣t ✐♥❞❡① ✈❛r✐❛❜❧❡s✮ ❛♥❞ ❛r❡ ♦❢ ❝♦♠♣❧❡①✐t② ❛t
♠♦st ν✳
✕ ❙✐♥❝❡ t❤❡ ❞❡♣t❤ ♦❢ t❤❡ ✐♥❞❡① t❡r♠s ✐s ❛t ♠♦st 1 ❛♥❞ s✐♥❝❡✱ ❞✉❡ t♦ t❤❡ ♦r❞❡r✐♥❣
r❡str✐❝t✐♦♥s✱ ♦♥❧② t❤❡ ❧✐t❡r❛❧s ✇✐t❤ ❞❡❡♣❡st ✐♥❞✐❝❡s ❛r❡ ❡❧✐❣✐❜❧❡ ❢♦r ✐♥❢❡r❡♥❝❡s✱
t❤❡ ❝♦♥❞✐t✐♦♥ c2 ✐s ❡❛s② t♦ ❝❤❡❝❦✳ ◆♦t✐❝❡ t❤❛t t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ♥✉♠❜❡r
♦❢ ✐♥❞❡① ✈❛r✐❛❜❧❡s ❞♦❡s ♥♦t ✐♥❝r❡❛s❡✳
✕ ■t ♦♥❧② r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t c1 ❤♦❧❞s✱ ✐✳❡✳ t❤❛t C[v]pσ ∨Dσ ✐s µ✲❝♦♥tr♦❧❧❡❞✳
❲❡ ♣r♦✈❡ t❤❛t t❤✐s ❝❧❛✉s❡ s❛t✐s✜❡s ❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❉❡✜♥✐t✐♦♥ ✾✳
• ▲❡t t ≃ s ❜❡ ❛♥ ❡q✉❛t✐♦♥ ✐♥ C[v]pσ∨Dσ✱ ✇❤❡r❡ t, s ❛r❡ ♦❢ ❛ s♦rt ✐♥ Sp✳ ■❢
t ≃ s ✐s ♦❢ t❤❡ ❢♦r♠ (t′ ≃ s′)σ ✇❤❡r❡ t′ ≃ s′ ♦❝❝✉rs ✐♥ ♦♥❡ ♦❢ t❤❡ ♣❛r❡♥t
❝❧❛✉s❡s✱ t❤❡♥ s✐♥❝❡ t❤❡ ♣❛r❡♥t ❝❧❛✉s❡s ❛r❡ µ✲❝♦♥tr♦❧❧❡❞ ❜② ❤②♣♦t❤❡s✐s✱ ✇❡
❤❛✈❡ ♥❡❝❡ss❛r✐❧② t′ =µ s
′ ❛♥❞ t❤✉s ❛❧s♦ t =µ s✳ ❖t❤❡r✇✐s❡✱ t ≃ s ✐s ♦❢ t❤❡
❢♦r♠ (t′[v]q ≃ s
′)σ✱ ✇❤❡r❡ t′ ≃ s′ ♦❝❝✉rs ✐♥ ♦♥❡ ♦❢ t❤❡ ♣❛r❡♥t ❝❧❛✉s❡s ❛♥❞
t′|q = u✳ ❆❣❛✐♥✱ ✇❡ ❤❛✈❡ t
′ =µ s
′✳ ❋✉rt❤❡r♠♦r❡✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ Sp✱ u
❛♥❞ v ♠✉st ❜❡ ♦❢ ❛ s♦rt ✐♥ Sp✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❤❛✈❡ ❛❧s♦ u =µ v ❛♥❞
t❤✉s t′ =µ t
′[v]q✳ ❚❤❡r❡❢♦r❡✱ t
′[v]qσ =µ s
′σ✳
• ▲❡t L ❜❡ ❛ ❧✐t❡r❛❧ ♦❝❝✉rr✐♥❣ ✐♥ C[v]pσ∨Dσ✱ t❤❛t ✐s ❡✐t❤❡r ❛♥ ✐♥❞❡① ♣r♦♣✲
❛❣❛t✐♦♥ ❧✐t❡r❛❧ ♦r ❛ ♣♦s✐t✐✈❡ ❝♦♥tr♦❧ ❧✐t❡r❛❧✳ ❇② ❞❡✜♥✐t✐♦♥✱ L ✐s ♦❜t❛✐♥❡❞
❢r♦♠ ❛ ❧✐t❡r❛❧ L′ ♦❝❝✉rr✐♥❣ ✐♥ ♦♥❡ ♦❢ t❤❡ ♣❛r❡♥t ❝❧❛✉s❡s ❜② ❛♣♣❧②✐♥❣ t❤❡
s✉❜st✐t✉t✐♦♥ σ ❛♥❞ ❜② ✭♣♦ss✐❜❧②✮ r❡♣❧❛❝✐♥❣ ❛♥ ♦❝❝✉rr❡♥❝❡ ♦❢ t❤❡ t❡r♠ uσ
❜② vσ✳ ■❢ u ❞♦❡s ♥♦t ♦❝❝✉r ✐♥ L t❤❡♥ ♦❜✈✐♦✉s❧② L = L′σ✱ t❤✉s L =µ L
′σ✳
■❢ u ♦❝❝✉rs ✐♥ L t❤❡♥ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ Sp✱ u ♠✉st ❜❡ ♦❢ ❛ s♦rt ✐♥ Sp✱ t❤✉s
✇❡ ❤❛✈❡ u =µ v ❛♥❞ t❤❡r❡❢♦r❡ ✐♥ ❜♦t❤ ❝❛s❡s t❤❡ r❡❧❛t✐♦♥ L =µ L
′σ ❤♦❧❞s✳
❙✐♥❝❡ t❤❡ ♣❛r❡♥t ❝❧❛✉s❡s ❝♦♥t❛✐♥✐♥❣ L′ ✐s µ✲❝♦♥tr♦❧❧❡❞✱ ✐t ❛❧s♦ ❝♦♥t❛✐♥s ❛
❞✐s❥✉♥❝t✐♦♥ ♦❢ ❝♦♥tr♦❧ ❧✐t❡r❛❧s M s✉❝❤ t❤❛t M ≥νµ L
′✳ ❚❤✉s C[v]pσ ∨Dσ
❝♦♥t❛✐♥s ❛ ❞✐s❥✉♥❝t✐♦♥ ♦❢ ❧✐t❡r❛❧s M ′ ♦❜t❛✐♥❡❞ ❢r♦♠ Mσ ❜② r❡♣❧❛❝✐♥❣
uσ ❜② vσ✳ ■❢ u ≃ v ✐s ❛ ❝♦♥tr♦❧ ❧✐t❡r❛❧✱ t❤❡♥ D ❝♦♥t❛✐♥s ❛ ❞✐s❥✉♥❝t✐♦♥
♦❢ ♥❡❣❛t✐✈❡ ❝♦♥tr♦❧ ❧✐t❡r❛❧s D′ s✉❝❤ t❤❛t D′ ≥νµ u ≃ v✳ ❚❤✉s ✇❡ ❤❛✈❡
D′σ ≥νµ Mσ ≥
ν
µ L✳ ❖t❤❡r✇✐s❡✱ ✐❢ u ♦❝❝✉rs ✐♥ M t❤❡♥ ✐t ♠✉st ❜❡ ♦❢ ❛ s♦rt
✐♥ Sp✳ ❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ u =µ v✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t M
′ =µ Mσ✱ ❛♥❞
t❤✉s M ′ ≥νµ L✳
• ❆ss✉♠❡ t❤❛t C[v]pσ ∨Dσ ❝♦♥t❛✐♥s ❛ ❧✐t❡r❛❧ L t❤❛t ✐s ♥♦t ❛♥ ✐♥❞❡① ♣r♦♣✲
❛❣❛t✐♦♥ ❧✐t❡r❛❧ ❛♥❞ t❤❛t ✐s ♥♦t ✐♥❞❡①✲✢❛t✳ ❚❤✐s ❧✐t❡r❛❧ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ ❛
❧✐t❡r❛❧ L′ ♦❝❝✉rr✐♥❣ ✐♥ ♦♥❡ ♦❢ t❤❡ ♣❛r❡♥t ❝❧❛✉s❡s ❜② ❛♣♣❧②✐♥❣ t❤❡ s✉❜st✐t✉✲
t✐♦♥ σ ❛♥❞ ❜② r❡♣❧❛❝✐♥❣ t❤❡ t❡r♠ uσ ❜② vσ✳ L′ ❝❛♥♥♦t ❜❡ ❛♥ ✐♥❞❡① ♣r♦♣✲
❛❣❛t✐♦♥ ❧✐t❡r❛❧ ✳ ❚❤✉s L′ ✐s ✐♥❞❡①✲✢❛t✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t σ ❝❛♥♥♦t ❜❡ ✢❛t
❛♥❞ t❤❛t ✭❜② ❈♦♥❞✐t✐♦♥ c2✮ t❤❡ ♣❛r❡♥t ❝❧❛✉s❡ ♥♦t ❝♦♥t❛✐♥✐♥❣ t❤❡ ❧✐t❡r❛❧
L′ ♠✉st ❜❡ ♥♦♥✲✐♥❞❡①✲✢❛t✳ ❇✉t ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ♦♥❧② ✐♥❞❡①✲✢❛t
❝❧❛✉s❡s t❤❛t ❝❛♥ ✐♥t❡r❛❝t ✇✐t❤ ♥♦♥✲✐♥❞❡①✲✢❛t ❝❧❛✉s❡s ♦♥❧② ❝♦♥t❛✐♥ ✐♥❞❡①
♣r♦♣❛❣❛t✐♦♥ ❧✐t❡r❛❧s✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ♦✉r ✐♥✐t✐❛❧ ❛ss✉♠♣t✐♦♥ ♦♥ L✳
• ❈♦♥❞✐t✐♦♥ 4 ✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ c2✳
• ❚❤❡ ❧❛st ❝♦♥❞✐t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦✱ s✐♥❝❡ ✐t ❤♦❧❞s ❢♦r t❤❡ t✇♦
♣❛r❡♥ts ❛♥❞ ✐t ✐s ♦❜✈✐♦✉s❧② ♣r❡s❡r✈❡❞ ❜② r❡♣❧❛❝❡♠❡♥t ❛♥❞ ✐♥st❛♥t✐❛t✐♦♥✳
■♥t✉✐t✐✈❡❧②✱ t❤❡ ✐♥❞❡① ♣r♦♣❛❣❛t✐♦♥ ❧✐t❡r❛❧s ❡♥❝♦❞❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✐♥❞❡①
t❡r♠s ❛♥❞ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡♠✱ ✇❤❡r❡❛s t❤❡ ♦t❤❡r ❧✐t❡r❛❧s ❡♥❝♦❞❡ ♣r♦♣❡rt✐❡s
♦❢ st❛♥❞❛r❞ t❡r♠s ✭❢♦r ❛ ❣✐✈❡♥ ✐♥❞❡①✮✳ ❚❤❡ ✉s❡ ♦❢ ❝♦♥tr♦❧ ❧✐t❡r❛❧s ❡♥s✉r❡s t❤❛t t❤❡
s✐③❡ ♦❢ t❤❡ ❢♦r♠❡r ❧✐t❡r❛❧s ✐s ❜♦✉♥❞❡❞ ✇❤❡r❡❛s t❤❡ ❧❛tt❡r ❝❛♥ ❜❡ ❛r❜✐tr❛r② ✜rst✲
♦r❞❡r ❧✐t❡r❛❧s✳ ❙❡✈❡r❛❧ ❝♦♥❝r❡t❡ ❝❧❛ss❡s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ s✐♠♣❧② ❜② ✐♥st❛♥t✐❛t✐♥❣
t❤❡ ❝♦♠♣❧❡①✐t② ♠❡❛s✉r❡ µ✳ ❆❧❧ t❤❡s❡ ❝❧❛ss❡s ❛r❡ str✐❝t❧② ♠♦r❡ ❡①♣r❡ss✐✈❡ t❤❛♥ ✜rst✲
♦r❞❡r ❧♦❣✐❝ ✭✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ ❜♦t❤ Ωc ❛♥❞ Ωi ❛r❡ ❡♠♣t②✮✳
❚❤❡♦r❡♠ ✸ ❡♥s✉r❡s t❤❛t ♦✉r ❝❛❧❝✉❧✉s ✐s ❝♦♠♣❧❡t❡ ❢♦r µ✲❝♦♥tr♦❧❧❡❞ ❝❧❛✉s❡ s❡ts✳ ■❢✱
♠♦r❡♦✈❡r✱ t❤❡ ❝♦♥s✐❞❡r❡❞ ❝❧❛✉s❡s ❜❡❧♦♥❣ t♦ ❛ ❝❧❛ss ❢♦r ✇❤✐❝❤ t❤❡ s✉♣❡r♣♦s✐t✐♦♥
❝❛❧❝✉❧✉s t❡r♠✐♥❛t❡s ✭s✉❝❤ ❛s t❤❡ ♠♦♥❛❞✐❝ ❝❧❛ss✱ t❤❡ ❣✉❛r❞❡❞ ❢r❛❣♠❡♥t✱✳ ✳ ✳ ♦r ✐❢
❛❧❧ t❤❡ ❧✐t❡r❛❧s ❛r❡ ✐♥❞❡① ♣r♦♣❛❣❛t✐♦♥ ♦r ❝♦♥tr♦❧ ❧✐t❡r❛❧s✮ t❤❡♥ ❚❤❡♦r❡♠ ✹ ❡♥s✉r❡s
t❡r♠✐♥❛t✐♦♥ ❛♥❞ ❞❡❝✐❞❛❜✐❧✐t②✳ ❲❡ t❤✉s ♦❜t❛✐♥ ✕ ✇✐t❤♦✉t ❛♥② ❛❞❞✐t✐♦♥❛❧ ❡✛♦rt ✕ ❛
❣❡♥❡r❛❧ ❝♦♠♣❧❡t❡♥❡ss r❡s✉❧t ❢♦r s❝❤❡♠❛t❛ ♦❢ ✜rst✲♦r❞❡r ❝❧❛✉s❡s ❛♥❞ ❞❡❝✐❞❛❜✐❧✐t②
r❡s✉❧ts ❢♦r s❝❤❡♠❛t❛ ❜✉✐❧t ♦♥ ❞❡❝✐❞❛❜❧❡ s✉❜❝❧❛ss❡s ♦❢ ✜rst✲♦r❞❡r ❧♦❣✐❝✳ ■♥ ♣❛rt✐❝✲
✉❧❛r✱ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ ✭s❡❡ ❬✸❪✮ t❤❛t ❡✈❡r② r❡❣✉❧❛r ♣r♦♣♦s✐t✐♦♥❛❧ s❝❤❡♠❛ ❬✶❪ ❝❛♥
❜❡ ❡①♣r❡ss❡❞ ❛s ❛ s❡t ♦❢ µ✲❝♦♥tr♦❧❧❡❞ ❝❧❛✉s❡s ✭✐♥ t❤✐s ❝❛s❡ ❛❧❧ ❧✐t❡r❛❧s ❛r❡ ✐♥❞❡①
♣r♦♣❛❣❛t✐♦♥ ❧✐t❡r❛❧s ❛♥❞ ✐♥❞✐❝❡s ❛r❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❢♦r♠✉❧æ
♦❢ ♣r♦♣♦s✐t✐♦♥❛❧ ❧✐♥❡❛r t❡♠♣♦r❛❧ ❧♦❣✐❝ ❝❛♥ ❛❧s♦ ❜❡ ❡♥❝♦❞❡❞ ❛s µ✲❝♦♥tr♦❧❧❡❞ ❝❧❛✉s❡
s❡ts ✭s❡❡ ❬✷❪ ❢♦r ❛ tr❛♥s❧❛t✐♦♥ ♦❢ ▲❚▲ ✐♥t♦ r❡❣✉❧❛r s❝❤❡♠❛t❛✮✳ ▼❛♥② ♣r♦♣❡rt✐❡s ♦❢
✉s✉❛❧ ✐♥❞✉❝t✐✈❡❧② ❞❡✜♥❡❞ ❞❛t❛✲str✉❝t✉r❡s s✉❝❤ ❛s ❧✐sts ♦r tr❡❡s ❝❛♥ ❜❡ ❡♥❝♦❞❡❞
✐♥t♦ ❝♦♥tr♦❧❧❡❞ ❝❧❛✉s❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ tr❡❡ ❝❛♥ ❜❡ ❞❡♥♦t❡❞ ❛s ❛ ❝♦♥st❛♥t s②♠❜♦❧
τ ✐♥❞❡①❡❞ ❜② ♣♦s✐t✐♦♥s✷✱ ✇❤❡r❡ τp ❞❡♥♦t❡s t❤❡ ❧❛❜❡❧ ♦❢ t❤❡ ♥♦❞❡ ❛t ♣♦s✐t✐♦♥ p✳
❚❤❡♥ ✇❡ ❝❛♥ ❡❛s✐❧② ❡♥❝♦❞❡ t❤❡ ❢❛❝t t❤❛t s♦♠❡ ✜rst✲♦r❞❡r ♣r♦♣❡rt② ✐s s❛t✐s✜❡❞
❜② ❛❧❧ ❧❛❜❡❧s ✐♥ t❤❡ tr❡❡ ✭♦r ❜② ❛❧❧ ❧❛❜❡❧s ♦❝❝✉rr✐♥❣ ❛❧♦♥❣ s♦♠❡ ♣♦s✐t✐♦♥✱ ♦r s♦♠❡
r❡❣✉❧❛r s❡t ♦❢ ♣♦s✐t✐♦♥s✮✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥♥♦t ❡①♣r❡ss t❤❡ ❢❛❝t t❤❛t✱ ❡✳❣✳✱ ❛ tr❡❡ ✐s
s♦rt❡❞✱ ❜❡❝❛✉s❡ ✐t r❡q✉✐r❡s t♦ ✉s❡ ❛t♦♠s ♦❢ t❤❡ ❢♦r♠ τp.0 ≤ τp ≤ τp.1✱ ✇❤✐❝❤ ♥❡❝✲
❡ss❛r✐❧② ✐♥✈♦❧✈❡ t❡r♠s ✇✐t❤ s❡✈❡r❛❧ ❞✐st✐♥❝t ✐♥❞✐❝❡s✳ ❘❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❞✐st✐♥❝t
tr❡❡s ❝❛♥ ❛❧s♦ ❜❡ ❡①♣r❡ss❡❞✱ ♣r♦✈✐❞❡❞ t❤❡② ♣r❡s❡r✈❡ t❤❡ s❤❛♣❡ ♦❢ t❤❡ tr❡❡ ✭❢♦r
✐♥st❛♥❝❡ ✇❡ ❝❛♥ st❛t❡ t❤❛t ❛ tr❡❡ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ τ ❜② ❛♣♣❧②✐♥❣ s♦♠❡ ❢✉♥❝t✐♦♥
f ♦♥ ❡✈❡r② ♥♦❞❡✮✳
✽ ❈♦♥❝❧✉s✐♦♥
❆ ♣r♦♦❢ ♣r♦❝❡❞✉r❡ ❢♦r ❤❛♥❞❧✐♥❣ ❝❧❛✉s❡s ✇✐t❤ ✐♥❞❡①❡❞ t❡r♠s ❤❛s ❜❡❡♥ ♣r❡s❡♥t❡❞✱
❡♥r✐❝❤✐♥❣ t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ❝❛❧❝✉❧✉s ✇✐t❤ ❛ ❝❛r❡❢✉❧❧② ❝♦♥tr♦❧❧❡❞ ❢♦r♠ ♦❢ ✐♥❞✉❝✲
t✐✈❡ r❡❛s♦♥✐♥❣✳ ❆❧t❤♦✉❣❤ t❤❡ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠ ✐s ♥♦t ❡✈❡♥ s❡♠✐✲❞❡❝✐❞❛❜❧❡
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